
Physics 382: Computational Physics

1 A Sample Problem

1.1 Radioactive Decay

• Radioactive nuclei are unstable nuclei that “decay” to other nuclei.

• e.g. 238
92 U → 234

90 Th + 4
2He (t1/2 = 4.47× 109 years)

• Radioactive decay is a quantum tunneling phenomenon.

• Thus, decay is a probabilistic process; i.e. it is impossible to determine exactly when
any nucleus will decay, but only the probability that it will decay.

• If we define NU(t) as the number of uranium nuclei at time t, then the decay process
is described by the differential equation:

dNU

dt
= −NU

τ
(1)

where τ is a “time constant” associated with the decay process.

• Of course, eq. (1) is a simple differential equation whose solution is given by the
following:

NU(t) = NU(0)e−t/τ (2)
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Figure 1: Average number of uranium nuclei NU(t) vs. time, as de-
scribed by eq. (2), for three different time constants.

• Note that NU(t) must really be interpreted as the average number of nuclei, since we
are dealing with probabilities.
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1.2 A Numerical Approach to the Radioactive Decay

1.2.1 Preliminary Comments

• Equation (1) is a very simple differential equation whose solution (eq. (2)) is trivial.

• However, many problems in physics which can be expressed in terms of differential
equations cannot be solved analytically, and must be solved using numerical methods.

• This simple problem provides a useful introduction to the application of numerical
methods since the analytical solution is known.

• A comparison between the numerical and exact solutions will illustrate the advantages
and disadvantages and pitfalls of computational methods.

1.2.2 The Euler Method

• Expand the function NU(t) as a Taylor series about an arbitrary time t:

NU(t + ∆t) = NU(t) +

(
dNU

dt

)

t

∆t +
1

2

(
d2NU

dt2

)

t

(∆t)2 + ... (3)

• If ∆t is “small”, then

NU(t + ∆t) ≈ NU(t) +

(
dNU

dt

)

t

∆t (4)

• Now from eq. (1), it is clear that

NU(t + ∆t) ≈ NU(t)−
(

NU(t)

τ

)
∆t (5)

• Thus, a simple procedure for determining NU(t) is described as follows:

⇒ NU(∆t) = NU(0)−
[
NU(0)

τ

]
∆t

⇒ NU(2∆t) = NU(∆t)−
[
NU(∆t)

τ

]
∆t

...

⇒ NU((i + 1)∆t) = NU(i∆t)−
[
NU(i∆t)

τ

]
∆t

• Thus, if we know NU(0), we can use this method to estimate NU at times that are
integer multiples of ∆t; i.e. at

t = 0, ∆t, 2∆t, 3∆t, 4∆t, ... (6)

• Equation (4) is the Euler method for integrating a differential equation.

2



1.2.3 Alternative Derivation of the Euler Method

• We could have simply used an approximation for the definition of the time derivative
of NU

dNU

dt
= lim

∆t→0

NU(t + ∆t)−NU(t)

∆t
≈ NU(t + ∆t)−NU(t)

∆t
(7)

to obtain the Euler approximation:

NU(t + ∆t) ≈ NU(t)−
(

NU(t)

τ

)
∆t (8)

• However, the Taylor series expansion is a more useful approach that will be used again
when we consider other, better integration methods.

1.2.4 The Importance of the Time Step

• Note that the numerical solution is only exact in the limit ∆t → 0.

• Thus, we expect some deviation from the true solution for finite ∆t.

• This raises the following questions:

– How much will the numerical result differ from true result?

– How big or small should the time step ∆t be?

• In most non-trivial problems, this can only be answered by carrying out computer
“experiments” in which the effects of the variation of ∆t is analyzed.

• In the radioactive decay problem, we have the additional advantage of knowing the
true solution to the problem (eq. (2)).

• Here are some results for a system with NU(0) = 100 and τ = 1 s:
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Figure 2: Effect of the time step ∆t on the numerical solution of eq. (1)
for the Euler integration method. The time constant was τ = 1 s.
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• The general trend is that the numerically integrated function NU(t) is deviates more
and more from the exact solution of eq. (1) with increasing ∆t.

• Ideally, a very small ∆t should be used.

• Note, however, that if we want to integrate NU(t) for some finite range, t ∈ [0, tmax],
then this will require the following number of time steps:

nsteps =
tmax

∆t
(9)

• Thus, the number of calculations increases proportionally with (∆t)−1.

• Many problems in physics can be “solved” by numerical means (often the solution of
differential equations) that require the solution of a large number of time-consuming
calculations. In such cases, use of a very small time step ∆t leads to unacceptably long
computation times.

• To summarize, ∆t should be chosen with the following facts in mind:

– large ∆t ⇒ less accurate solution, fast computation.

– small ∆t ⇒ more accurate solution, slower computation.

• To choose the time step, one should determine the “time scales” of the system and
choose ∆t to be “small” compared to the shortest time scale.

• In the decay problem above, the only time scale is τ , the time constant.

• Generally, a satisfactorily small ∆t is of the order of a few per cent of τ .

• However, to estimate just how accurate the solution is, one must carry out a “scaling
analysis” of the sort described in fig. 2.
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1.3 A C-program for the Radioactive Decay Problem

• A listing of a simple C-program which uses the Euler integration method to solve
eq. (1) is shown below on the next page.

• Note the “modular” form of the program: it is divided into three “functions” (similar
to “subroutines” in other languages):

– initialize reads in and initializes various parameters in the system;

– calculate carries out the Euler integration calculation;

– output saves the result to disk.

• Note that time is stored in an array time[i] where the integer index i is the “step
number” that relates the time to the time step: ti = i ·∆t.

• Note that n uranium[i] is an array which gives NU at time ti.

• When you write programs for this course, please follow the basic style shown in this
listing. In particular, note the following.

– Program structure: Use a modular structure to maximize readability and the
ease with which the program can be changed.

Descriptive names for variables and parameters: This also helps readabil-
ity.

Comment lines: Don’t over-do it, but a few comments can help a lot. I prefer
the comments to be to the right of the program lines, as shown in the listing.

• Unlike the convention for the programs in the textbook, I prefer to write the results
to a file, and then use a graphing program to plot the data in the file. If you like, you
can follow the example in the text and interface your program to a graphics routine.
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Source code for a program which solves eq. (1) using the Euler integration method.

#include <stdio.h>
#include <math.h>

void initialize ( float *, float *, float *, float *, float *, int *);
void calculate ( float *, float *, float, float, int);
void output ( float *, float *, int);

main()
{
  int nsteps;
  float n_uranium[10000];
  float t[10000];
  float tau;
  float dt;
  float tmax;

  initialize(n_uranium,t,&tau,&dt,&tmax,&nsteps);   /* Initialize system parameters */
  calculate(n_uranium,t,tau,dt,nsteps);             /* Carry out the calculation */
  output(n_uranium,t,nsteps);                       /* Write the results to disk */

}

void initialize ( float *nuclei, float *t, float *tau, float *dt, float *tmax, int *nsteps)
{

  t[0] = 0.0;                                       /* First element of time array */

  printf(" Initial number of nuclei = ");            /* Read in N(0), tau, delta t, max time */
  scanf(" %f",&nuclei[0]); 
  printf(" Time constant = ");
  scanf(" %f",tau);
  printf(" Time step = ");
  scanf(" %f",dt);
  printf(" maximum time = ");
  scanf(" %f",tmax);

  *nsteps = *tmax/(*dt) + 1;                       /* nsteps = total number of time steps */

  if (*nsteps > 10000) {                           /* nsteps should not exceed array size */
    printf(" nsteps exceeds maximum\n"); 
    exit(); 
  }
}

void calculate ( float *n_uranium, float *t, float tau, float dt, int nsteps )
{
  int i;

  for (i=0;i<nsteps−1;i++) {                                   
    n_uranium[i+1] = n_uranium[i] − (n_uranium[i]/tau) * dt;   /* Increment N_U using Euler method */
    t[i+1] = t[i] + dt;                                        /* Increment time in array */
  }
}

void output ( float *n_uranium, float *t, int nsteps)
{
  int i;
  FILE *fp;

  if ((fp = fopen(" decay.dat"," w")) == NULL) {     /* Opens a file called "decay.dat" to write to */
   printf(" Cannot open file: decay.dat\n");
  } else {
    for (i=0;i<nsteps;i++) {
      fprintf(fp," %f   %f\n",t[i],n_uranium[i]);               /* Write N_U vs. time in file */
    }
  }
}

6



1.4 Generalizing the Euler Method for Coupled Differential
Equations

• Consider a nuclear decay problem wherein nucleus A decays to an unstable nucleus B

A → B + other stuff

where B also decays to a stable nucleus C

B → C + other stuff

• The nuclear populations of the system could be described by the coupled differential
equations

dNA

dt
= −NA

τA

(10)

dNB

dt
=

NA

τA

− NB

τB

(11)

• Equation (10) is just the same as eq. (1)

• Equation (11) implies that dNB(t)/dt increases with increasing NA, consistent with
the fact that A → B + other stuff

• The second term of eq. (11) reflects its own decay.

• Note that in the limit τA →∞:

– nucleus A is stable, i.e. NA(t) is constant since the time derivative of eq. (10) is
zero

– eq. (11) reduces to eq. (1), and so NB(t) is decoupled from NA(t)

• How do we generalize the Euler method? Simply perform two calculations per time
step.

• thus, if NA(ti) and NB(ti) are known at time ti, then the populations at time ti+1 ≡
ti + ∆t are given by the following:

NA(ti+1) = NA(ti)−
(

NA(ti)

τA

)
∆t

NB(ti+1) = N(ti) +

(
NA(ti)

τA

− NB(ti)

τB

)
∆t

• NOTE: The Euler method can be generalized to an arbitrary number of coupled
first order differential equations.
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