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Neutrino flavor oscillations are discussed in terms of an explicit model. This model consists of two
coupled Dirac equations with three parameters: the electron neutrino mass, the muon neutrino mass,
and a coefficient which describes the possibility that the neutrino can flip flavor. The system is
diagonalized to obtain the exact eigenvalues and eigenfunctions. The system is then quantized and
the neutrino flavor wave functions are derived directly from the quantized fields. It is shown that
neutrino flavor oscillation probabilities are recovered in a quantum field theory treatment only in the
ultrarelativistic limit. © 1999 American Association of Physics Teachers.
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I. INTRODUCTION

Neutrino flavor oscillations are a relativistic example o
two-level system. In his Lectures on Physics, Feynman1 de-
scribes many examples in which the approximation of a tw
state system can be assumed. Some of his examples in
the ammonia molecule, the hydrogen molecule, a spin
particle in a magnetic field, and oscillations of strangenes
the neutralK meson system.

For example, the ammonia molecule (NH3) has the form
of a pyramid with the nitrogen atom located above the pla
of the three hydrogen atoms. Like any other, this molec
has an infinite number of states; however in the two-le
system approximation, it is assumed that all the states rem
fixed except for two: the nitrogen may be on one side of
plane of the hydrogen atom or on the other. The system
be described by the state vectoruc&,

uc&5C1u1&1C2u2&, ~1!

where in the stateu1& the nitrogen is ‘‘up’’ and in the stateu2&
the nitrogen is ‘‘down.’’ The coefficientC15^1uc& is the
amplitude to be in stateu1& andC25^2uc& the amplitude to
be in stateu2&. The coefficientsC1,2 are obtained by diago
nalizing the two coupled differential equations

i
dC1

dt
5H11C11H12C2 ,

~2!

i
dC2

dt
5H21C11H22C2 ,

with Hi j being the Hamiltonian matrix, which depends o
the particular system which is studied. Feynman solved
discussed in great detail the set of equations given by Eq~2!
for the ammonia molecule case and also applied these e
tions to the ammonia maser.

In this paper we will to consider a relativistic generaliz
tion of the above set of two coupled differential equations
the neutrino flavor oscillation case.

Neutrinos are relativistic noncharged particles of spin 1
which are produced in weak interaction processes.2,3 In the
electroweak theory of Glashow, Salam, and Weinb
~GSW!, neutrinos are massless and they can exist in th
different flavors: the electron, muon, and tau flavors. Ho
ever as far as we know, there is no deep theoretical rea
why neutrino masses, i.e., their rest energies, should be
869 Am. J. Phys.67 ~10!, October 1999
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actly zero. Moreover neutrinos have masses in most ex
sions of the GSW theory. It is therefore extremely importa
to investigate experimentally and theoretically neutri
masses.

The experimental investigation of the allowed direct a
inverseb decay~see, for example, Ref. 4 for more details!

p→n1e11ne ,

n̄e1p→n1e1,

ne1n→p1e2,

and forbidden processes

ne1p→n1e1, n̄e1n→p1e2,

can be conveniently described by introducing an elect
flavor quantum number. The electrone2 and its neutrinon̄e

are assigned the valueLe51, the positrone1 and the an-
tineutrino n̄e are assumed to haveLe521, while all the
remaining particles~for example, the protonp and the neu-
tron n in the above reactions! are assigned the valueLe50.
The electron flavor number is conserved in the allowed p
cesses~the total electron flavor number on the left-hand si
of the reaction is equal to the total electron flavor number
the right-hand side!, while the forbidden ones would violat
this conservation law. Moreover the studies of proces
such as, for example,

p1→m11nm ,

m2→e21nm1 n̄e ,

n̄m1p→n1m1,

and the fact that processes of the type

m→e1g, nm1p→n1e1,

are not observed experimentally lead to the introduction
the muon flavor quantum numberLm51 for muonm2 and
its neutrinonm , Lm521 is for to m1 and n̄m , andLm50
for all the remaining particles. The tau lepton
(t2,t1,nt ,n̄t) are described with the help of the tau flav
numberLt .

All the examples considered above satisfy the conse
tion of both lepton numbersLe andLm separately~the total
lepton number on the left-hand side of the reaction is eq
to the total lepton number on the right-hand side!. Because
869© 1999 American Association of Physics Teachers
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the origin of these quantum numbers is not clear, there is
possibility that they are only approximately conserved. If
then a neutrino produced in a given flavor can transform i
another flavor while propagating, as will be discussed in S
II. If this is the case, the phenomenon of neutrino flav
oscillations can arise in nature. Recent experiments stro
suggest the evidence of neutrino oscillations.5 More specifi-
cally, neutrino flavor oscillations can be a possible expla
tion of the atmospheric neutrino anomaly measured by th
different experiments6–8 of the solar neutrino deficit ob
served by four different experiments,9–13and of the evidence
of neutrino masses obtained by the liquid scintillator nucl
detector~LSND! experiment.14 Neutrinos are also considere
to make a small contribution to the dark matter of the u
verse~hot dark matter!.

We point out here that the properties of neutrinos~electric
charge zero, mass very small, maybe zero! make their detec-
tion very difficult. A typical interaction cross section be
tween an electron neutrino and a nucleus at 1 MeV is of
order of 10243– 10244cm2.

In this paper we are going to study neutrino oscillations
an example of a two-level system. The two coupled diff
ential equations, which describe two-level systems, are v
in the rest frame of the system investigated. However, si
neutrinos are relativistic particles of spin 1/2, it is importa
to write a relativistically invariant generalization of Eq.~2!.

The simplest generalization of Eq.~2! which is relativisti-
cally invariant and properly takes into account the neutr
spin is a system of two coupled Dirac equations with th
parameters: the electron neutrino mass, the muon neu
mass, and a coefficient which describes the possibility
the neutrino can flip its flavor, as will be discussed in S
III. ~For simplicity we are only investigating a two-flavo
model!. The system is diagonalized and the energy eigen
ues and eigenfunctions are obtained. These solutions re
sent an interesting new piece of relativistic quantum mech
ics. Contrary to the nonrelativistic case where t
diagonalization of the two coupled equations above gi
directly the probability amplitudes for flipping from one sta
to the other, in a relativistic system, in order to deal prope
with the states of negative energies we have to abandon
one-particle picture and adopt a many-particle formulati
e.g., quantum field theory.

The solutions of the two-coupled Dirac equations a
quantized according to the usual Jordan–Wigner anticom
tation relations and the neutrino energy wave functions
obtained as matrix elements of the quantized Dirac fields
described in Sec. IV. These wave functions describe ne
nos of given energy and in a state of mixed flavor at a
space–time point. It is also shown that their sum descri
neutrinos in a state of mixed flavor. Therefore it is not po
sible with Dirac fields to impose the boundary condition
have a given flavor for all the space points at a given tim
let’s say at production. Hence, Dirac fields cannot prope
describe neutrino oscillations, where it is assumed that
neutrino is produced in a state of given flavor and then s
sequently oscillates in flavor. Neutrino oscillation probab
ties can be recovered only if the following two approxim
tions are made on the neutrino flavor wave function:~i! the
left-handed chiral component of the flavor wave function
considered as an observable wave function;~ii ! the ultrarela-
tivistic approximation is assumed for the spinor compon
of the wave function.

Approximation ~i! is due to the fact that neutrinos a
870 Am. J. Phys., Vol. 67, No. 10, October 1999
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produced only through the weak interaction, which does
conserve parity. Approximation~ii ! appears to be related t
the impossibility of simultaneously maintaining Lorentz i
variance and obtaining standard neutrino oscillation pr
abilities in a way which is consistent with relativistic fiel
theory. This problem is obviously a deep one and is ass
ated with the possibility that neutrinos violate Lorentz inva
ance as well as the equivalence principle as discusse
Refs. 15–17.

II. NEUTRINO OSCILLATIONS: STANDARD
TREATMENT

We will first review the standard quantum mechanic
treatment of neutrino flavor oscillations. Suppose for e
ample that a muon neutrino is produced in the reaction

p1→m11nm ,

and while it is propagating has a probability of flipping i
flavor and becoming an electron neutrino, in the same wa
it is possible for the nitrogen atom in the ammonia molec
to push its way through the three hydrogen atoms and flip
the other side, due to a quantum tunneling effect.

The system can be described by a state vectoruc& as a
linear combination of the flavor eigenstatesune& and unm&,

uc&5Ceune&1Cmunm&, ~3!

uc&5S Ce

Cm
D , ~4!

with Ce5^neuc&, Cm5^nmuc&, and

uCeu21uCmu251. ~5!

Ce andCm then become the amplitudes for detecting an el
tron neutrino and a muon neutrino, respectively. In analo
in the neutralK meson system the oscillations occur betwe
states of different strangenessuK0&(S51) and uK̄0&(S
521).

To derive the time evolution of the coefficientsCe(t) and
Cm(t), the state vectoruc& is written as a superposition of th
energy~mass! eigenstatesun I& and un II&,

uc&5CIun1&1CIIun2&, ~6!

uc&5S CI

CII
D , ~7!

with C15^n Iuc&, C25^n IIuc&, and

uCIu21uCIIu251, ~8!

whereCI andCII are the amplitudes for finding the neutrin
in the energy statesE1 and E2 , respectively. These coeffi
cients evolve in time as

CI~ t !5CI~0!e2 iE1t, CII~ t !5CII~0!e2 iE2t. ~9!

Introducing the rotation matrix between flavor and ma
eigenstates

S un I&
un II&

D5S cos~u! 2sin~u!

sin~u! cos~u!
D S une&

unm& D , ~10!

it is easy to see that the following relation between the
ergy and flavor amplitudes holds:
870Elisabetta Sassaroli
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S CI~ t !
CII~ t ! D5S cos~u! 2sin~u!

sin~u! cos~u!
D S Ce~ t !

Cm~ t ! D . ~11!

Hence, the time evolution of the coefficientsCe andCm is
given by

S Ce~ t !
Cm~ t ! D5S cos~u! sin~u!

2sin~u! cos~u!
D S CI~0!e2 iE1t

CII~0!e2 iE2t D . ~12!

In Eq. ~12! the boundary condition must be imposed th
we have only a given flavor at production. Suppose for
ample that att50 a muon neutrino is produced, i.e.,

Cm~0!51, Ce~0!50. ~13!

From Eq.~11! at t50 we obtain

C1~0!52sin~u!, C2~0!5cos~u!. ~14!

The time evolution of the flavor amplitudes is obtained
substituting Eq.~14! into Eq. ~12!,

Ce~ t !5sin~u!cos~u!~e2 iE2t2e2 iE1t!, ~15!

Cm~ t !5sin2~u!e2 iE1t1cos2~u!e2 iE2t. ~16!

Space and therefore momentum is introduced by assum
in Eqs.~15! and ~16!

E1
25m1

21p2, E2
25m2

21p2, L.t. ~17!

The probability of finding a given flavor is obtained b
squaring Eqs.~18! and ~19!,

uCeu25sin2~2u!sin2@~E22E1!t/2#

.sin2~2u!sin2F ~m1
22m2

2!L

4E G , ~18!

uCmu2512sin2~2u!sin2@~E22E1!t/2#

.12sin2~2u!sin2F ~m1
22m2

2!L

4E G , ~19!

with E5p. In order to compare with experimental data, t
probabilities given by Eqs.~18! and~19! have to be average
over the energy distribution of particles involved. For a mo
complete analysis of the phenomenology of neutrino fla
oscillations see, for example, Ref. 3.

The assumption that the muon neutrino is created wit
definite momentump is only an approximation, as has bee
pointed out previously.18–21 It is in contradiction with four-
momentum conservation, for example for the reactionp
→mn. Each of the possible energy eigenstates has a so
what different momentumpi . In the rest frame of the pion
energy conservation dictates that (i 51,2)

Mp5AMm
2 1pi

21Ami
21pi

2. ~20!

III. DIAGONALIZATION OF THE TWO COUPLED
DIRAC EQUATIONS

In this section we will derive a relativistic generalizatio
of the two coupled equations, given by Eq.~2!, in the context
of the Dirac theory. The system of equations is diagonali
and the energy eigenvalues and eigenfunctions are deriv

Suppose, for example, that a muon neutrino is produ
with some small mass~rest energy!. The propagation of the
871 Am. J. Phys., Vol. 67, No. 10, October 1999
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free neutrino can be described by the Dirac equation~for a
review about the Dirac equation and its solutions see,
example, Ref. 22!

i
]cm~x,t !

]t
5~a p̂1bmm!cm~x,t !, ~21!

with p̂52 i¹ anda andb are the Dirac matrices.
If the muon neutrino does not undergo any flavor chan

then it will move as a free particle according to Eq.~21!. In
the same way, if a neutrino is produced as an electron n
trino and has a small mass, but it does not oscillate in flav
its propagation in vacuum will be described by

i
]ce~x,t !

]t
5~a p̂1bme!ce~x,t !. ~22!

Now suppose that, due to a quantum tunneling effect,
muon neutrino has some probability of flipping its flavor a
turning into an electron neutrino. Ifd is the parameter tha
describes the flavor flipping possibility, then neutrino flav
oscillations can be described by the two coupled Dirac eq
tions

i
]ce~x,t !

]t
5~a p̂1bme!ce~x,t !1bdcm~x,t !, ~23!

i
]cm~x,t !

]t
5~a p̂1bmm!cm~x,t !1bdce~x,t !. ~24!

We notice here thatd has the dimension of a mass. Th
details of the diagonalization of the system of equations
given in the Appendix; here we simply discuss the solutio
For a given momentump5upu the energy eigenvalues are

E1,256Ap21m1,2
2 , ~25!

wherem1,2 are the ‘‘renormalized’’ masses

m1,25
1
2@~me1mm!6R#, R5A~mm2me!

214d2.
~26!

A system of two coupled Dirac equations possesses f
given value of the energy two eigenfunctions; one with s
up and one with spin down. Iff1(x,t) is the eigenfunction
corresponding to the positive energy solutionE1 given by
Eq. ~25!, it is possible to show that it can be written in term
of a two-dimensional vector

Z15S 1

A11L2

L

A11L2

D , L5
mm2me1R

2d
~27!

times the solution of the Dirac equation of renormaliz
massm1 , momentump, and energyE1 ,

f1~x,t !5Z1

1

AV

1

A2E1

u1~s,p!eipxe2 iE1t, ~28!

wheres51,2 is the spin index,u1(s,p) is the Dirac spinor of
massm1 .

The wave functionf1(x,t) has eight dimensions becaus
the two-dimensional vectorZ1 multiplies a four-dimensiona
wave function. This last wave function describes a neutr
of given energyE1 and spin 1/2. The vectorZ1 tells us that
871Elisabetta Sassaroli
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in any location inside the volumeV there is a probability
equal to (1/11L2) of finding the neutrino in the electro
flavor and probability equal to (L2/11L2) of finding it in
the muon flavor. Thereforef1 describes a neutrino of
given energy, but of mixed flavor at any space–time poin

In the same way, the wave function corresponding to
other positive energy solutionE2 is

f2~x,t !5Z2

1

AV

1

A2E2

u2~s,p!eipxe2 iE2t, ~29!

whereZ2 is the vector

Z25S L

A11L2

2
1

A11L2

D ~30!

andu2(s,p) is the Dirac spinor of renormalized massm2 .
The wave functionf2 describes a neutrino of given en

ergy E2 and mixed flavor at any space–time point.
The solutions of negative energies are interpreted, a

the Dirac theory, as antiparticles of positive energy and
given by

w1,2~x,t !5Z1,2

1

AV

1

A2E1,2

v1,2~s,p!eipxe1 iE1t, ~31!

wherev1,2(s,p) are Dirac spinors of massm1 and m2 , re-
spectively.

IV. FIELD QUANTIZATION, ANTICOMMUTATION
RELATIONS, AND FLAVOR WAVE FUNCTIONS

The quantization procedure for the two coupled Dirac n
trino fieldsce andcm , defined by Eqs.~23! and ~24!, pro-
ceeds in the same way as for the case of Dirac theory.~For a
discussion of the quantization of the Dirac theory, see,
example, Ref. 22!.

We expand the neutrino fieldĉ in terms of the energy
eigenfunctionsf andw found in Sec. III,

ĉ~x,t !5S ĉe~x,t !

ĉm~x,t !
D

5(
p

(
s

(
i

@bi~s,p!f i~x,t !1di
†w i~x,t !#, ~32!

where the operatorsbi and di ( i 51,2) satisfy the usua
Jordan–Wigner anticommutation relations

$bi~s,p!,bj
†~s8,p8!%5d i j dpp8dss8 ,

~33!
$di~s,p!,dj

†~s8,p8!%5d i j dpp8dss8 .

For a given value of the momentump and spins, there are
four possible one-particle states, one for each energy va
given by Eq.~25!

b1
†~s,p!u0&5u1ps&, b2

†~s,p!u0&5u2ps&,
~34!

d1
†~s,p!u0&5u21ps&, d2

†~s,p!u0&5u22ps&.
872 Am. J. Phys., Vol. 67, No. 10, October 1999
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The wave function associated with the one-particle st
u1ps& is, for example, obtained as a matrix element of ne
trino fields between the vacuum state and the one-par
state,

cn~x,t !5S ce~x,t !
cm~x,t ! D5S ^0uĉe~x,t !u1ps&

^0uĉm~x,t !u1ps&
D . ~35!

It is easy to see that the above wave function is the ene
eigenfunction of energyE1 defined in Eq.~30!. Similar con-
siderations can be applied to the other statesu2ps&, u21ps&,
and u22ps&. These one-particle states represent states
mixed flavor at any given space–time point.

When describing neutrino oscillations, we have to co
sider a superposition of energy states. A general state
positive charge, momentump, and spins is given by

uf1&5@Ab1
†~s,p!1Bb2

†~s,p!#u0&, ~36!

whereA andB satisfy the normalization condition

uAu21uBu251. ~37!

The matrix element

^0uĉe~x,t !uf1&5ce~x,t !

5
1

AV

1

A11L2 FA
u1~s,p!

A2E1

e2 iE1t

1BL
u2~s,p!

A2E2

e2 iE2tGeipx, ~38!

gives the probability amplitude of finding a neutrino of m
mentump and spins at the space–time point (x,t) with the
electron flavor. In the same way, the matrix element

^0uĉm~x,t !uf1&5cm~x,t !

5
1

AV

1

A11L2 FAL
u1~s,p!

A2E1

e2 iE1t

2B
u2~s,p!

A2E2

e2 iE2tGeipx, ~39!

is the probability amplitude for the muon flavor.
The coefficientsA andB are determined through the initia

boundary conditions. Suppose that att50,

cm~x,t50!50, ~40!

i.e., we have only the electron flavor present. The ot
boundary condition is obtained from the normalization co
dition

E
V
d3xuce~x,t50!u251. ~41!

However, the above boundary conditions cannot be
plied in a consistent way to the flavor wave functions giv
by Eqs.~38! and ~39! and at the same time satisfy the co
servation of probability condition given by Eq.~37!. The
following two approximations have to be made on the ne
trino wave functions in order for us to be able to impose
boundary conditions given by Eqs.~40! and ~41!.
872Elisabetta Sassaroli
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~a! The left-handed chiral components of the flavor wa
functions are considered as observable wave functio
Mathematically this is equivalent to considering as obse
able wave functions23

ceL~x,t !5~12g5!ce~x,t !, cmL~x,t !5~12g5!cm~x,t !,
~42!

wherece(x,t) andcm(x,t) are given by Eqs.~38! and ~39!
andg5 is defined by

g55S 0 1

1 0D . ~43!

~b! The ultrarelativistic approximation, i.e.,E.p, is as-
sumed in the spinor left-handed chiral componentsuL(s,p)
of the flavor wave functions.

By applying the approximations~a! and ~b! one obtains
the flavor neutrino wave functions

ceL~x,t !5
eipx

AV

1

11L2

1

&
@e2 iE1t1L2e2 iE2#S x~2!

2x~2!D ,

~44!

cmL~x,t !5
eipx

AV

L

11L2

1

&
@e2 iE1t2e2 iE2t#S x~2!

2x~2!D .

~45!

The probability densities of finding the electron and mu
neutrino flavor are then given, respectively, by

re~ t !5
1

V F12S 2L

11L2D 2

sin2
~E22E1!t

2 G , ~46!

rm~ t !5
1

V S 2L

11L2D 2

sin2
~E22E1!t

2
. ~47!

The coefficient@2L/(11L2)#2 is equivalent to sin2(2u) in
Eqs.~18! and~19!. Therefore Eqs.~46! and~47! are equiva-
lent to the standard neutrino oscillation probabilities.

It is important to discuss the meaning of both approxim
tions. Approximation~a! takes into account the fact that ne
trinos are produced through the weak interaction, which d
not conserve parity. Therefore neutrinos are created w
negative helicity and antineutrinos with positive helicity, i.
neutrinos are emitted with their spin polarized opposite
their direction of motion and antineutrinos have their sp
polarized in the same direction. This statement is exactly
on the hypothesis that neutrinos are massless and it is
tainly a very good approximation for very small neutrin
masses.

Approximation~b! is related to the conservation of prob
ability. The coefficientsA and B, obtained by imposing the
boundary conditions given by Eqs.~40! and~41! in the flavor
wave functionsceL(z,t), cmL(z,t), do not satisfy the nor-
malization condition given by Eq.~37!. This condition is
satisfied only if we assume that the terms of typep/(E
1m) in spinorsuL are of order one, i.e., in the ultrarelativ
istic limit. Therefore only in the ultrarelativistic limit can w
impose the condition of a given flavor at production witho
violating the condition that the sum of the probabilities mu
be one.

Other authors,24,25 by using different approaches, hav
also found that the standard neutrino oscillations can be
covered only in the ultrarelativistic limit.
873 Am. J. Phys., Vol. 67, No. 10, October 1999
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We believe that there are deep theoretical reasons for
impossibility of discussing in a consistent way flavor osc
lations in field theory. In the literature, some hypothes
have been proposed in relation to this issue, especially
relation to the problem of CPT and Lorentz violations. F
example, Coleman and Glashow have examined the assu
tion that Lorentz noninvariance leads to neutrino oscillatio
which are phenomenologically equivalent to those obtain
by assuming that neutrinos violate the equivalence princi
A variety of different approaches have been considered
the literature to address the problem of CPT and Lore
invariance violations, as discussed in Ref. 26.

V. CONCLUSIONS

We have investigated an explicit model of neutrino flav
oscillations in the framework of relativistic quantum m
chanics and quantum field theory. This model, which is
relativistically invariant generalization of a two-level system
consists of two coupled Dirac equations. The system
been diagonalized and ‘‘second quantized’’ in order to d
properly with the states of negative energy. The neutr
wave functions are obtained as matrix elements of the qu
tized neutrino fields. These wave functions, however,
scribe neutrinos which are in a state of mixed flavor at a
space–time point and only in the so-called ultrarelativis
limit do they describe the possibility of having a given flav
at production.
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APPENDIX

In order to determine the energy eigenvalues and eig
functions of the system of equations~23! and ~24! we con-
sider the ansatz

ce5ae2 iPx, ~A1!

cm5be2 iPx, ~A2!

where P is the four-momentumP5(E,p), which is un-
known and is to be determined so that the system of dif
ential equations~23! and~24! is satisfied. The coefficientsa
andb are Dirac spinors, which can be written as

a5S x1

x2
D , ~A3!

b5S x3

x4
D , ~A4!

wherex1,2 andx3,4 are two component spinors. Substitutin
Eqs. ~A1! and ~A2! into Eqs.~23! and ~24!, we obtain the
system of linear homogeneous equations

Ex15s•px21mex11dx3 ,
~A5!Ex25s•px12mex22dx4 ,
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Ex35s•px41mmx31dx1 ,
~A6!

Ex45s•px32mmx42dx2 ,

wheres are the Pauli matrices.
The system of Eqs.~A5! and~A6! admits nontrivial solu-

tions only if

E42E2~2p212d21me
21mm

2 !1p4

1d41p2~2d21me
21mm

2 !1mm
2 me

222d2memm50.

~A7!

Solving Eq.~A7!, we obtain (p5upu)

E1,256Ap21m1,2
2 , ~A8!

with m1,2 given by

m1,25
1
2@~me1mm!6R#, ~A9!

and

R5A~mm2me!
214d2. ~A10!

Therefore, while in the free Dirac equation there are t
energies~one positive and one negative! for every possible
value of the momentump, for a system of two coupled Dira
equations, there are four possible values of the energy,
positive and two negative. This is due to the possibility
flavor oscillations. Also, because there is some chance
the neutrino can flip flavor, the rest energies of the elect
and muon neutrino system are not simplyme andmm but are
given by Eq.~A9!.

Corresponding to the positive energy solutionE1

5Am1
21p2, we have the following two solutions:

f1~x,t !5
1

AV

1

A2E1

u1~s,p!eipxe2 iE1t, ~A11!

wheres51,2 is the spin index andf1(s,p) is given by

u1~s,p!5
1

A11L2 S u1~s,p!

Lu1~s,p! D , ~A12!

andu1(s,p) is the Dirac spinor

u1~s,p!5AE11m1 S x~s!

sp

E11m1
x~s!D , ~A13!

with

L5
mm2me1R

2d
. ~A14!

For the other positive energy solutionE25Ap21m2
2, we

have

f2~x,t !5
1

AV

1

A2E2

u2~s,p!eipxe2 iE2t, ~A15!

with u2(s,p) given by

u2~s,p!5
1

A11L82 S u2~s,p!

L8u2~s,p! D , ~A16!

and the Dirac spinoru2(s,p) is
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o

o
f
at
n

u2~s,p!5AE21m2S x~s!

sp

E21m2
x~s!D . ~A17!

L8 is defined as

L85
mm2me2R

2d
. ~A18!

We notice here that becauseLL8521 we can write
u2(s,p) in terms ofL as

u2~s,p!5
1

A11L2 S Lu2~s,p!

2u2~s,p! D . ~A19!

Similarly, for the solutions of negative energies2E1 we
have the eigenfunction:

w1~x,t !5
1

AV

1

A2E1

u3~s,p!e2 ipxe1 iE1t, ~A20!

with u3(s,p) given by

u3~s,p!5
1

A11L82 S 2L8v1~s,p!

v1~s,p! D
5

1

A11L2 S v1~s,p!

Lv1~s,p! D , ~A21!

and

v1~s,p!5AE11m1S sp

E11m1
x~s!

x~s!
D . ~A22!

For the energy eigenvalue2E2 we have the solution

w2~x,t !5
1

AV

1

A2E2

u4~s,p!e2 ipxe1 iE2t, ~A23!

with u4(s,p) given by

u4~s,p!5
1

A11L2 S Lv2~s,p!

2v2~s,p! D , ~A24!

and

v2~s,p!5AE21m1S sp

E21m2
x~s!

x~s!
D . ~A25!
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ADJUSTING THE SPECTROMETER

I sometimes regret that much of our modern apparatus, even for students, has all the interesting
difficulties removed beforehand. If a student is going to work with a spectrometer, I think it is
highly desirable that he should go through the process of adjusting the collimator, the telescope,
and eye piece himself. It is desirable that he shall go through the process of getting the grating
lines parallel with the axis of rotation. It is desirable that he shall know how to set the axis of the
telescope perpendicular to the axis of rotation. Once the spectrometer is adjusted, all of the good
of the experiment has been utilized. I do not think that the student learns much in the last act of
measuring the wavelength of light.

W. F. G. Swann, ‘‘The Teaching of Physics,’’ Am. J. Phys.19~3!, 182–187~1951!.
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