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not orthogonal (see Sections 10 and 11). Comment: Not surprisingly, the numbers
1, i, −1, −i give a 1-dimensional representation—note that a single number can be
thought of as a 1-dimensional matrix.

17. Verify that the sets listed in (13.7c) are groups.

18. Show that division cannot be a group operation. Hint: See (13.7d).

19. Verify that the sets listed in (13.7e) are groups. Hint: See the proofs in (13.7f).

20. Is the set of all orthogonal 3-by-3 matrices with determinant = −1 a group? If so,
what is the unit element?

21. Is the group SO(2) Abelian? What about SO(3)? Hint: See the discussion following
equation (6.14).

14. GENERAL VECTOR SPACES
In this section we are going to introduce a generalization of our picture of vector
spaces which is of great importance in applications. This will be merely an intro-
duction because the ideas here will be used in many of the following chapters as
you will discover. The basic idea will be to set up an outline of the requirements for
3-dimensional vector spaces (as we listed the requirements for a group), and then
show that these familiar 3-dimensional vector space requirements are satisfied by
sets of things like functions or matrices which we would not ordinarily think of as
vectors.

Definition of a Vector Space A vector space is a set of elements {U,V,W, · · · }
called vectors, together with two operations: addition of vectors, and multiplication
of a vector by a scalar (which for our purposes will be a real or a complex number),
and subject to the following requirements:

1. Closure: The sum of any two vectors is a vector in the space.

2. Vector addition is:

(a) commutative: U + V = V + U,

(b) associative: (U + V) + W = U + (V + W).

3. (a) There is a zero vector 0 such that 0 + V = V + 0 = V for every element
V in the space.

(b) Every element V has an additive inverse (−V) such that V +(−V) = 0.

4. Multiplication of vectors by scalars has the expected properties:

(a) k(U + V) = kU + kV;

(b) (k1 + k2)V = k1V + k2V;

(c) (k1k2)V = k1(k2V);

(d) 0 · V = 0, and 1 ·V = V.

You should go over these and satisfy yourself that they are all true for ordinary two
and three dimensional vector spaces. Now let’s look at some examples of things we
don’t usually think of as vectors which, nevertheless, satisfy the above requirements.
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Example 1. Consider the set of polynomials of the third degree or less, namely functions
of the form f(x) = a0 + a1x + a2x

2 + a3x
3. Is this a vector space? If so, find a

basis. What is the dimension of the space?
We go over the requirements listed above:

1. The sum of two polynomials of degree ≤ 3 is a polynomial of degree ≤ 3 and
so is a member of the set.

2. Addition of algebraic expressions is commutative and associative.

3. The “zero vector” is the polynomial with all coefficients ai equal to 0, and
adding it to any other polynomial just gives that other polynomial. The
additive inverse of a function f(x) is just −f(x), and −f(x) + f(x) = 0 as
required for a vector space.

4. All the listed familiar rules are just what we do every time we work with
algebraic expressions.

So we have a vector space! Now let’s try to find a basis for it. Consider the set
of functions: {1, x, x2, x3}. They span the space since any polynomial of degree ≤ 3
is a linear combination of them. You can easily show (Problem 1) by computing
the Wronskian [equation (8.5)] that they are linearly independent. Therefore they
are a basis, and since there are 4 basis vectors, the dimension of the space is 4.

Example 2. Consider the set of linear combinations of the functions

{eix, e−ix, sin x, cosx, x sin x}.
It is straightforward to verify that all our requirements above are met (Problem 1).
To find a basis, we must find a linearly independent set of functions which spans the
space. We note that the given functions are not linearly independent since eix and
e−ix are linear combinations of sinx and cosx (Chapter 2, Section 4). However, the
set {sin x, cosx, x sin x} is a linearly independent set and it spans the space. So
this is a possible basis and the dimension of the space is 3. Another possible basis
would be {eix, e−ix, x sin x}. You will meet sets of functions like these as solutions
of differential equations (see Chapter 8, Problems 5.13 to 5.18).

Example 3. Modify Example 1 to consider the set of polynomials of degree ≤ 3 with
f(1) = 1. Is this a vector space? Suppose we add two of the polynomials; then the
value of the sum at x = 1 is 2, so it is not an element of the set. Thus requirement 1
is not satisfied so this is not a vector space. Note that a subset of the vectors of
a vector space is not necessarily a subspace. On the other hand, if we consider
polynomials of degree ≤ 3 with f(1) = 0, then the sum of two of them is zero at
x = 1; this is a vector space. You can easily verify (Problem 1) that it is a subspace
of dimension 3 and a possible basis is {x − 1, x2 − 1, x3 − 1}.

Example 4. Consider the set of all polynomials of any degree ≤ N . The sum of two
polynomials of degree ≤ N is another such polynomial, and you can easily verify
(Problem 1) that the rest of the requirements are met, so this is a vector space. A
simple choice of basis is the set of powers of x from x0 = 1 to xN . Thus we see that
the dimension of this space is N + 1.
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Example 5. Consider the set of all 2 by 3 matrices with matrix addition as the law of
combination, and multiplication by scalars defined as in Section 6. Recall that you
add matrices by adding corresponding elements. Thus a sum of two 2 by 3 matrices
is another 2 by 3 matrix. For matrix addition and multiplication by scalars, it
is straightforward to show that the other requirements listed above are satisfied
(Problem 1). As a basis, we could use the six matrices:(

1 0 0
0 0 0

)
,

(
0 1 0
0 0 0

)
,

(
0 0 1
0 0 0

)
,(

0 0 0
1 0 0

)
,

(
0 0 0
0 1 0

)
,

(
0 0 0
0 0 1

)
.

Satisfy yourself that these are linearly independent and that they span the space
(that is, that you could write any 2 by 3 matrix as a linear combination of these
six). Since there are 6 basis vectors, the dimension of this space is 6.

Inner Product, Norm, Orthogonality The definitions of these terms need to
be generalized when our “vectors” are functions, that is, we want to generalize
equations (10.1) to (10.3). A natural generalization of a sum is an integral, so
we might reasonably replace

∑
AiBi by

∫
A(x)B(x) dx, and

∑
A2

i by
∫
[A(x)]2 dx.

However, in applications we frequently want to consider complex functions of the
real variable x (for example, eix as in Example 2). Thus, given functions A(x) and
B(x) on a ≤ x ≤ b, we define

[Inner Product of A(x) and B(x)] =
∫ b

a

A∗(x)B(x) dx,(14.1)

[Norm of A(x)] = ||A(x)|| =

√∫ b

a

A∗(x)A(x) dx,(14.2)

A(x) and B(x) are orthogonal on (a, b) if
∫ b

a

A∗(x)B(x) dx = 0.(14.3)

Let’s now generalize our definition (14.1) of inner product still further. Let A,
B, C, · · · be elements of a vector space, and let a, b, c, · · · be scalars. We will use
the bracket 〈A|B〉 to mean the inner product of A and B. This vector space is called
an inner product space if an inner product is defined subject to the conditions:

〈A|B〉∗ = 〈B|A〉;(14.4a)
〈A|A〉 ≥ 0, 〈A|A〉 = 0 if and only if A = 0;(14.4b)
〈C|aA + bB〉 = a〈C|A〉 + b〈C|B〉.(14.4c)

(See Problem 11.) It follows from (14.4) that (Problem 12)

〈aA + bB|C〉 = a∗〈A|C〉 + b∗〈B|C〉, and(14.5a)
〈aA|bB〉 = a∗b〈A|B〉.(14.5b)

You will find various other notations for the inner product, such as (A, B) or [A, B]
or 〈A, B〉. The notation 〈A|B〉 is used in quantum mechanics. Most mathematics
books put the complex conjugate on the second factor in (14.1) and make the cor-
responding changes in (14.4) and (14.5). Most physics and mathematical methods
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books handle the complex conjugate as we have. If you are confused by this notation
and equations (14.4) and (14.5), keep going back to (14.1) where 〈A|B〉 =

∫
A∗B

until you get used to the bracket notation. Also study carefully our use of the
bracket notation in the next section and do Problems 11 to 14.

Schwarz’s Inequality In Section 10 we proved the Schwarz inequality for n-
dimensional Euclidean space. For an inner product space satisfying (14.4), it be-
comes [compare (10.9)]

(14.6) |〈A|B〉|2 ≤ 〈A|A〉〈B|B〉.

To prove this, we first note that it is true if B = 0. For B �= 0, let C = A − µB,
where µ = 〈B|A〉/〈B|B〉, and find 〈C|C〉 which is ≥ 0 by (14.4b). Using (14.4) and
(14.5), we write

(14.7) 〈A − µB|A − µB〉 = 〈A|A〉 − µ∗〈B|A〉 − µ〈A|B〉 + µ∗µ〈B|B〉 ≥ 0.

Now substitute the values of µ and µ∗ to get (see Problem 13)

〈A|A〉 − 〈A|B〉
〈B|B〉 〈B|A〉 − 〈B|A〉

〈B|B〉 〈A|B〉 +
〈A|B〉
〈B|B〉

〈B|A〉
〈B|B〉 〈B|B〉(14.8)

= 〈A|A〉 − 〈A|B〉〈A|B〉∗
〈B|B〉 = 〈A|A〉 − |〈A|B〉|2

〈B|B〉 ≥ 0

which gives (14.6).
For a function space as in (14.1) to (14.3), Schwarz’s inequality becomes (see

Problem 14):

(14.9)
∣∣∣∣
∫ b

a

A∗(x)B(x) dx

∣∣∣∣
2

≤
(∫ b

a

A∗(x)A(x) dx

)(∫ b

a

B∗(x)B(x) dx

)
.

Orthonormal Basis; Gram-Schmidt Method Two functions are called or-
thogonal if they satisfy (14.3); a function is normalized if its norm in (14.2) is 1.
By a combination of the two words, we call a set of functions orthonormal if they
are all mutually orthogonal and they all have norm 1. It is often convenient to
write the functions of a vector space in terms of an orthonormal basis (compare
writing ordinary vectors in three dimensions in terms of i, j, k). Let’s see how the
Gram-Schmidt method applies to a vector space of functions with inner product,
norm, and orthogonality defined by (14.1) to (14.3). (Compare Section 10, Example
4 and the paragraph before it.)

Example 6. In Example 1, we found that the set of all polynomials of degree ≤ 3 is a
vector space of dimension 4 with basis 1, x, x2, x3. Let’s consider these polynomials
on the interval −1 ≤ x ≤ 1 and construct an orthonormal basis. To keep track of
what we’re doing, let f0, f1, f2, f3 = 1, x, x2, x3; let p0, p1, p2, p3 be a corresponding
orthogonal basis (which we find by the Gram-Schmidt method); and let e0, e1, e2,
e3, be the orthonormal basis (which we get by normalizing the functions pi). Recall
the Gram-Schmidt routine (see Section 10, Example 4): Normalize the first function
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to get e0. Then for the rest of the functions, subtract from fi each preceding ej

multiplied by the inner product of ej and fi, that is, find

(14.10) pi = fi −
∑
j<i

ej〈ej |fi〉 = fi −
∑
j<i

ej

∫ 1

−1

ejfi dx.

Finally, normalize pi to get ei.
We can save effort by noting in advance that many of the inner products we

need are going to be zero. You can easily show (Problem 15) that the integral of
an odd power of x from x = −1 to 1 is zero, and consequently any even power of x
is orthogonal to any odd power. Observe that the fi are alternately even and odd
powers of x. Then you can show that the corresponding pi and ei will also involve
just even or just odd powers of x. The Gram-Schmidt method gives the following
results (Problem 16).

f0 = 1 = p0, ||p0||2 =
∫ 1

−1

12 dx = 2, e0 =
1√
2
.

f1 = x; p1 = x because x is orthogonal to e0.

||p1||2 =
∫ 1

−1

x2 dx =
2
3
, e1 = x

√
3
2
.

f2 = x2. Since x2 is orthogonal to e1 but not to e0,

p2 = x2 − 1√
2

∫ 1

−1

1√
2

x2 dx = x2 − 1
3
.

||p2||2 =
∫ 1

−1

(
x2 − 1

3

)2

dx =
8
45

, e2 = (3x2 − 1)

√
5
8
.

f3 = x3. Since x3 is orthogonal to e0 and e2,

p3 = x3 − x

√
3
2

∫ 1

−1

x

√
3
2

x3 dx = x3 − 3
5
x,

||p3||2 =
∫ 1

−1

(
x3 − 3

5
x

)2

dx =
8

175
, e3 = (5x3 − 3x)

√
7
8
.

This process could be continued for a vector space with basis 1, x, x2, · · · , xN

(but it is not very efficient). The orthonormal functions ei are well-known functions
called (normalized) Legendre polynomials. In Chapters 12 and 13, we will discover
these functions as solutions of differential equations and see their applications in
physics problems.

Infinite Dimensional Spaces If a vector space does not have a finite basis, it
is called an infinite dimensional vector space. It is beyond our scope to go into a
detailed mathematical study of such spaces. However, you should know that, by
analogy with finite dimensional vector spaces, we still use the term basis functions
for sets of functions (like xn or sinnx) in terms of which we can expand suitably
restricted functions in infinite series. So far we have discussed only power series
(Chapter 1). In later chapters you will discover many other sets of functions which
provide useful bases in applications: sines and cosines in Chapter 7, various special
functions in Chapters 12 and 13. When we introduce them, we will discuss questions
of convergence of the infinite series, and of completeness of sets of basis functions.
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