
C H AP TER 14
Functions of a
Complex Variable

1. INTRODUCTION

Figure 1.1

In Chapter 2 we discussed plotting com-
plex numbers z = x + iy in the complex
plane (see Figure 1.1) and finding values
of the elementary functions of z such as
roots, trigonometric functions, logarithms,
etc. Now we want to discuss the calculus of
functions of z, differentiation, integration,
power series, etc. As you know from such
topics as differential equations, Fourier se-
ries and integrals, mechanics, electricity,
etc., it is often very convenient to use complex expressions. The basic facts and
theorems about functions of a complex variable not only simplify many calculations
but often lead to a better understanding of a problem and consequently to a more
efficient method of solution. We are going to state some of the basic definitions and
theorems of the subject (omitting the longer proofs), and show some of their uses.

As in Chapter 2, the value of a function of z for a given z is a complex number.

Example. Consider a simple function of z, namely f(z) = z2. We may write

f(z) = z2 = (x + iy)2 = x2 − y2 + 2ixy = u(x, y) + iv(x, y),

where u(x, y) = x2 − y2 and v(x, y) = 2xy.

In Chapter 2, we observed that a complex number z = x+ iy is equivalent to a pair
of real numbers x, y. Here we see that a function of z is equivalent to a pair of real
functions, u(x, y) and v(x, y), of the real variables x and y. In general, we write

(1.1) f(z) = f(x + iy) = u(x, y) + iv(x, y),
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Section 2 Analytic Functions 667

where it is understood that u and v are real functions of the real variables x and y.
Recall that functions are customarily single-valued, that is, f(z) has just one

(complex) value for each z. Does this mean that we cannot define a function by a
formula such as ln z or arc tan z? By Chapter 2, we have

ln z = ln |z| + i(θ + 2nπ),

where tan θ = y/x. For each z, ln z has an infinite set of values. But if θ is allowed a
range of only 2π , then ln z has one value for each z and this single-valued function is
called a branch of ln z. Thus in using formulas such as

√
z, ln z, arc tan z, to define

functions, we always discuss a single branch at a time so that we have a single-
valued function. (As a matter of terminology, however, you should know that the
whole collection of branches is sometimes called a “multiple-valued function.”)

PROBLEMS, SECTION 1
Find the real and imaginary parts u(x, y) and v(x, y) of the following functions.

1. z3 2. z 3. z̄

4. |z| 5. Re z 6. ez

7. cosh z 8. sin z 9.
1

z

10.
2z + 3

z + 2
11.

2z − i

iz + 2
12.

z

z2 + 1

13. ln |z| 14. z2z̄ 15. ez

16. z2 − z̄2 17. cos z̄ 18.
√

z

19. ln z (Use 0 < θ < 2π.) 20. (1 + 2i)z2 + (i − 1)z + 3

21. eiz (Careful: cos z and sin z are not u and v.)

2. ANALYTIC FUNCTIONS
Definition The derivative of f(z) is defined (just as it is for a function of a real
variable) by the equation

(2.1) f ′(z) =
df

dz
= lim

∆z→0

∆f

∆z
,

where ∆f = f(z + ∆z) − f(z) and ∆z = ∆x + i∆y.

Definition: A function f(z) is analytic (or regular or holomorphic or mono-
genic) in a region∗ of the complex plane if it has a (unique) derivative at every
point of the region. The statement “f(z) is analytic at a point z = a” means
that f(z) has a derivative at every point inside some small circle about z = a.

∗Isolated points and curves are not regions; a region must be two-dimensional.
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Let us consider what it means for f(z) to have a derivative. First think about
a function f(x) of a real variable x; it is possible for the limit of ∆f/∆x to have
two values at a point x0, as shown in Figure 2.1—one value when we approach x0

from the left and a different value when we approach x0 from the right. When we
say that f(x) has a derivative at x = x0, we mean that these two values are equal.
However, for a function f(z) of a complex variable z, there are an infinite number
of ways we can approach a point z0; a few ways are shown in Figure 2.2. When we
say that f(z) has a derivative at z = z0, we mean that f ′(z) [as defined by (2.1)]
has the same value no matter how we approach z0. This is an amazingly stringent
requirement and we might well wonder whether there are any analytic functions.
On the other hand, it is hard to imagine making any progress in calculus unless we
can find derivatives!

Figure 2.1 Figure 2.2

Let us immediately reassure ourselves that there are analytic functions by using
the definition (2.1) to find the derivatives of some simple functions.

Example 1. Show that (d/dz)(z2) = 2z. By (2.1) we have

d

dz
(z2) = lim

∆z→0

(z + ∆z)2 − z2

∆z
= lim

∆z→0

z2 + 2z∆z + (∆z)2 − z2

∆z

= lim
∆z→0

(2z + ∆z) = 2z.

We see that the result is independent of how ∆z tends to zero; thus z2 is an analytic
function. By the same method it follows that (d/dz)(zn) = nzn−1 if n is a positive
integer (Problem 30).

Observe that the definition (2.1) of a derivative is of exactly the same form as the
corresponding definition for a function of a real variable. Because of this similarity,
many familiar formulas can be proved by the same methods used in the real case, as
we have just discovered in differentiating z2. You can easily show (Problems 25 to
28) that derivatives of sums, products, and quotients follow the familiar rules and
that the chain rule holds [if f = f(g) and g = g(z), then df/dz = (df/dg)(dg/dz)].
Then derivatives of rational functions of z follow the familiar real-variable formulas.
If we assume the definitions and theorems of Chapters 1 and 2, we can see that the
derivatives of the other elementary functions also follow the familiar formulas; for
example, (d/dz)(sin z) = cos z, etc. (Problems 29 to 33).

Now you may be wondering what is new here since all our results so far seem to
be just the same as for functions of a real variable. The reason for this is that we
have been discussing only functions f(z) that have derivatives. Comparing Figures
2.1 and 2.2, we pointed out the essential difference between finding (d/dx)f(x)
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and finding (d/dz)f(z), namely that there are an infinite number of ways we can
approach z0 in Figure 2.2.

Example 2. Find (d/dz)(|z|2). Note that |x|2 = x2, and its derivative is 2x. If |z|2 has a
derivative, it is given by (2.1), that is, by

lim
∆z→0

= lim
∆z→0

|z + ∆z|2 − |z|2
∆z

.

The numerator of this fraction is always real (because absolute values are real—
recall |z| =

√
x2 + y2 = r.) Consider the denominator ∆z = ∆x + i∆y. As we

approach z0 in Figure 2.2 (that is, let ∆z → 0), ∆z has different values depending
on our method of approach. For example, if we come in along a horizontal line,
then ∆y = 0 and ∆z = ∆x; along a vertical line ∆x = 0 so ∆z = i∆y, and along
other directions ∆z is some complex number; in general, ∆z is neither real nor pure
imaginary. Since the numerator of ∆f/∆z is real and the denominator may be real
or imaginary (in general, complex), we see that lim∆z→0 ∆f/∆z has different values
for different directions of approach to z0, that is, |z|2 is not analytic.

Now we have seen examples of both analytic and nonanalytic functions, but we
still do not know how to tell whether a function has a derivative [except to appeal
to (2.1)]. The following theorems answer this question.

Theorem I (which we shall prove). If f(z) = u(x, y) + iv(x, y) is analytic in a
region, then in that region

(2.2)
∂u

∂x
=

∂v

∂y
,

∂v

∂x
= −∂u

∂y
.

These equations are called the Cauchy-Riemann conditions.

Proof. Remembering that f = f(z), where z = x + iy, we find by the rules of
partial differentiation (see Problem 28 and also Chapter 4)

(2.3)

∂f

∂x
=

df

dz

∂z

∂x
=

df

dz
· 1,

∂f

∂y
=

df

dz

∂z

∂y
=

df

dz
· i.

Since f = u(x, y) + iv(x, y) by (1.1), we also have

(2.4)
∂f

∂x
=

∂u

∂x
+ i

∂v

∂x
and

∂f

∂y
=

∂u

∂y
+ i

∂v

∂y
.

Notice that if f has a derivative with respect to z, then it also has partial derivatives
with respect to x and y by (2.3). Since a complex function has a derivative with
respect to a real variable if and only if its real and imaginary parts do [see (1.1)], then
by (2.4) u and v also have partial derivatives with respect to x and y. Combining
(2.3) and (2.4) we have

df

dz
=

∂f

∂x
=

∂u

∂x
+ i

∂v

∂x
and

df

dz
=

1
i

∂f

∂y
=

1
i

(
∂u

∂y
+ i

∂v

∂y

)

=
∂v

∂y
− i

∂u

∂y
.
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Since we assumed that df/dz exists and is unique (this is what analytic means),
these two expressions for df/dz must be equal. Taking real and imaginary parts,
we get the Cauchy-Riemann equations (2.2).

Theorem II (which we state without proof). If u(x, y) and v(x, y) and their
partial derivatives with respect to x and y are continuous and satisfy the Cauchy-
Riemann conditions in a region, then f(z) is analytic at all points inside the region
(not necessarily on the boundary).

Although we shall not prove this (see texts on complex variables), we can make
it plausible by showing that it is true when we approach z0 along any straight line.

Example 3. Find df/dz assuming that we approach z0 along a straight line of slope m,
and show that df/dz does not depend on m if u and v satisfy (2.2). The equation
of the straight line of slope m through the point z0 = x0 + iy0 is

y − y0 = m(x − x0)

and along this line we have dy/dx = m. Then we find

df

dz
=

du + i dv

dx + i dy
=

∂u

∂x
dx +

∂u

∂y
dy + i

(
∂v

∂x
dx +

∂v

∂y
dy

)

dx + i dy

=

∂u

∂x
+

∂u

∂y
m + i

(
∂v

∂x
+

∂v

∂y
m

)

1 + im
.

Using the Cauchy-Riemann equations (2.2), we get

df

dz
=

∂u

∂x
− ∂v

∂x
m + i

(
∂v

∂x
+

∂u

∂x
m

)

1 + im

=

∂u

∂x
(1 + im) + i

∂v

∂x
(1 + im)

1 + im
=

∂u

∂x
+ i

∂v

∂x
.

Thus df/dz has the same value for approach along any straight line. The theorem
states that it also has the same value for approach along any curve.

Some definitions:
A regular point of f(z) is a point at which f(z) is analytic.
A singular point or singularity of f(z) is a point at which f(z) is not analytic.

It is called an isolated singular point if f(z) is analytic everywhere else inside
some small circle about the singular point.
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Theorem III (which we state without proof). If f(z) is analytic in a region
(R in Figure 2.3), then it has derivatives of all orders at points inside the region
and can be expanded in a Taylor series about any point z0 inside the region.
The power series converges inside the circle about z0 that extends to the nearest
singular point (C in Figure 2.3).

Figure 2.3

Notice again what a strong condition it is on f(z) to say that it has a derivative.
It is quite possible for a function of a real variable f(x) to have a first derivative
but not higher derivatives. But if f(z) has a first derivative with respect to z, then
it has derivatives of all orders, and all these derivatives are analytic functions.

This theorem also explains a fact about power series which may have puzzled
you. The function f(x) = 1/(1 + x2) does not have anything peculiar about its
behavior at x = ±1. Yet if we expand it in a power series

(2.5)
1

1 + x2
= 1 − x2 + x4 − x6 + · · ·

we see that the series converges only for |x| < 1. We can see why this happens if
we consider instead

(2.6) f(z) =
1

1 + z2
= 1 − z2 + z4 − z6 + · · · .

Figure 2.4

When z = ±i, f(z) and its derivatives become infinite; that
is, f(z) is not analytic in any region containing z = ±i. The
point z0 of the theorem is the origin and the circle C (bound-
ing the disk of convergence of the series) passes through the
nearest singular points ±i (Figure 2.4). Since a power series
in z always converges inside its disk of convergence and di-
verges outside (Chapter 2, Problem 6.14), we see that (2.5)
[which is (2.6) for y = 0] converges for |x| < 1 and diverges for
|x| > 1. This simple example shows an important reason for
studying functions of a complex variable; our study of f(z) gives us insights about
the corresponding f(x). Formulas involving not only the elementary functions but
also Γ functions, Bessel functions, and many others are more easily derived and
understood by considering them as functions of z.

A function φ(x, y) which satisfies Laplace’s equation in two dimensions, namely,
∇2φ = ∂2φ/dx2 + ∂2φ/∂y2, is called a harmonic function. A great many physical
problems lead to Laplace’s equation, and consequently we are very much interested
in finding solutions of it. (See Section 10 and Chapter 13.) The following theorem
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should then give you a clue as to one reason why the theory of functions of a complex
variable is important in applications.

Theorem IV. Part 1 (to be proved in Problem 44). If f(z) = u+ iv is analytic
in a region, then u and v satisfy Laplace’s equation in the region (that is, u and v
are harmonic functions).

Part 2 (which we state without proof). Any function u (or v) satisfying
Laplace’s equation in a simply-connected region, is the real or imaginary part of
an analytic function f(z).

Thus we can find solutions of Laplace’s equation simply by taking the real or
imaginary parts of an analytic function of z. It is also often possible, starting with
a simple function which satisfies Laplace’s equation, to find the explicit function
f(z) of which it is, say, the real part.

Example 4. Consider the function u(x, y) = x2 − y2. We find that

∇2u =
∂2u

∂x2
+

∂2u

∂y2
= 2 − 2 = 0,

that is, u satisfies Laplace’s equation (or u is a harmonic function). Let us find the
function v(x, y) such that u+iv is an analytic function of z. By the Cauchy-Riemann
equations

∂v

∂y
=

∂u

∂x
= 2x.

Integrating partially with respect to y, we get

v(x, y) = 2xy + g(x),

where g(x) is a function of x to be found. Differentiating partially with respect to
x and again using the Cauchy-Riemann equations, we have

∂v

∂x
= 2y + g′(x) = −∂u

∂y
= 2y.

Thus we find
g′(x) = 0, or g = const.

Then
f(z) = u + iv = x2 − y2 + 2ixy + const. = z2 + const.

The pair of functions u, v are called conjugate harmonic functions. (Also see Prob-
lem 64.)

PROBLEMS, SECTION 2
1 to 21. Use the Cauchy-Riemann conditions to find out whether the functions in Problems
1.1 to 1.21 are analytic. Similarly, find out whether the following functions are analytic.

22. y + ix 23.
x − iy

x2 + y2
24.

y − ix

x2 + y2



Section 2 Analytic Functions 673

Using the definition (2.1) of (d/dz)f(z), show that the following familiar formulas hold.
Hint: Use the same methods as for functions of a real variable.

25.
d

dz
[Af(z) + Bg(z)] = A

df

dz
+ B

dg

dz
. 26.

d

dz
[f(z)g(z)] = f(z)

dg

dz
+ g(z)

df

dz
.

27.
d

dz

„
f(z)

g(z)

«
=

gf ′ − fg′

g2
, g(z) �= 0. 28.

d

dz
f [g(z)] =

df

dg

dg

dz
. (See hint below.)

Problem 28 is the chain rule for the derivative of a function of a function. Hint: Assume
that df/dg and dg/dz exist, and write equations like (3.5) of Chapter 4 for ∆f and ∆g;
substitute ∆g into ∆f , divide by ∆z, and take limits.

29.
d

dz
(z3) = 3z2. 30.

d

dz
(zn) = nzn−1.

31.
d

dz
ln z =

1

z
, z �= 0. Hint: Expand ln

„
1 +

∆z

z

«
in series.

32. Using the definition of ez by its power series [(8.1) of Chapter 2], and the theorem
(Chapters 1 and 2) that power series may be differentiated term by term (within
the disk of convergence), and the result of Problem 30, show that (d/dz)(ez) = ez.

33. Using the definitions of sin z and cos z [Chapter 2, equation (11.4)], find their deriva-
tives. Then using Problem 27, find (d/dz)(cot z), z �= nπ.

Using series you know from Chapter 1, write the power series (about the origin) of the
following functions. Use Theorem III to find the disk of convergence of each series. What
you are looking for is the point (anywhere in the complex plane) nearest the origin, at
which the function does not have a derivative. Then the disk of convergence has center at
the origin and extends to that point. The series converges inside the disk.

34. ln(1 − z) 35. cos z 36.
p

1 + z2

37. tanh z 38.
1

2i + z
39.

z

z2 + 9

40. (1 − z)−1
41. eiz 42. sinh z

43. In Chapter 12, equations (5.1) and (5.2), we expanded the function φ(x, h) in a series
of powers of h. Use Theorem III (see instructions for Problems 34 to 42 above) to
show that the series for φ(x, h) converges for |h| < 1 and −1 ≤ x ≤ 1. Here h is
the variable and x is a parameter; you should find the (complex) value of h which
makes Φ infinite, and show that the absolute value of this complex number is 1
(independent of x when x2 ≤ 1). This proves that the series for real h converges for
|h| < 1.

44. Prove Theorem IV, Part 1. Hint: Recall the equality of the second cross partial
derivatives; see Chapter 4, end of Section1.

45. Let f(z) = u+ iv be an analytic function, and let F be the vector F = vi+uj. Show
that the equations div F = 0 and curlF = 0 are equivalent to the Cauchy-Riemann
equations.

46. Find the Cauchy-Riemann equations in polar coordinates. Hint : Write z = reiθ and
f(z) = u(r, θ) + iv(r, θ). Follow the method of equations (2.3) and (2.4).

47. Using your results in Problem 46 and the method of Problem 44, show that u
and v satisfy Laplace’s equation in polar coordinates (see Chapter 10, Section 9) if
f(z) = u + iv is analytic.
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Using polar coordinates (Problem 46), find out whether the following functions satisfy the
Cauchy-Riemann equations.

48.
√

z 49. |z| 50. ln z

51. zn 52. |z|2 53. |z|1/2eiθ/2

Show that the following functions are harmonic, that is, that they satisfy Laplace’s equa-
tion, and find for each a function f(z) of which the given function is the real part. Show
that the function v(x, y) (which you find) also satisfies Laplace’s equation.

54. y 55. 3x2y − y3 56. xy 57. x + y

58. cosh y cos x 59. ex cos y 60. ln(x2 + y2)

61.
x

x2 + y2 62. e−y sin x 63.
y

(1 − x)2 + y2

64. It can be shown that, if u(x, y) is a harmonic function which is defined at z0 =
x0 + iy0, then an analytic function of which u(x, y) is the real part is given by

f(z) = 2u
“z + z̄0

2
,
z − z̄0

2i

”
+ const.

[See Struble, Quart. Appl. Math., 37 (1979), 79-81.] Use this formula to find f(z)
in Problems 54 to 63. Hint: If u(0, 0) is defined, take z0 = 0.

3. CONTOUR INTEGRALS

Theorem V Cauchy’s theorem (see discussion below). Let C be a simple†

closed curve with a continuously turning tangent except possibly at a finite num-
ber of points (that is, we allow a finite number of corners, but otherwise the curve
must be “smooth”). If f(z) is analytic on and inside C, then

(3.1)
∮

around C

f(z) dz = 0.

(This is a line integral as in vector analysis; it is called a contour integral in the
theory of complex variables.)

Proof. We shall prove Cauchy’s theorem assuming that f ′(z) is continuous. (With
more effort it is possible to prove it without this assumption, and then show that if
f ′(z) exists in a region, it is, in fact, continuous there. See also Theorem III which
we stated without proof; it is usually proved using the results of Cauchy’s theorem.)

∮

C

f(z) dz =
∮

C

(u + iv)(dx + i dy)(3.2)

=
∮

C

(u dx − v dy) + i

∮

C

(v dx + u dy).

†A simple curve is one which does not cross itself.



Section 3 Contour Integrals 675

Green’s theorem in the plane (Chapter 6, Section 9) says that if P (x, y), Q(x, y),
and their partial derivatives are continuous in a simply-connected region R, then

(3.3)
∮

C

P dx + Q dy =
∫∫

area
inside C

(
∂Q

∂x
− ∂P

∂y

)

dx dy,

where C is a simple closed curve lying entirely in R. The curve C is traversed in a
direction so that the area inclosed is always to the left; the area integral is over the
area inside C. Applying (3.3) to the first integral in (3.2), we get

(3.4)
∮

C

(u dx − v dy) =
∫∫

area
inside C

(

−∂v

∂x
− ∂u

∂y

)

dx dy.

Since we are assuming that f ′(z) is continuous, then u and v and their derivatives
are continuous; by the Cauchy-Riemann equations the integrand on the right of
(3.4) is zero at every point of the area of integration, so the integral is equal to zero.
In the same way the second integral in (3.2) is zero; thus (3.1) is proved.

Theorem VI Cauchy’s integral formula (which we shall prove). If f(z) is
analytic on and inside a simple closed curve C, the value of f(z) at a point z = a
inside C is given by the following contour integral along C:

f(a) =
1

2πi

∮
f(z)
z − a

dz.

Proof. Let a be a fixed point inside the simple closed
curve C and consider the function

(3.5) φ(z) =
f(z)
z − a

,

Figure 3.1

where f(z) is analytic on and inside C. Let C′ be a
small circle (inside C) with center at a and radius ρ.
Make a cut between C and C′ along AB (Figure 3.1);
two cuts are shown to make the picture clear, but later
we shall make them coincide. We are now going to
integrate along the path shown in Figure 3.1 (in the
direction shown by the arrows) from A, around C, to
B, around C′, and back to A. Notice that the area between the curves C and C′

is always to the left of the path of integration and is inclosed by it. In this area
between C and C′, the function φ(z) is analytic; we have cut out a small disk about
the point z = a at which φ(z) is not analytic. Cauchy’s theorem then applies to the
integral along the combined path consisting of C counterclockwise, C′ clockwise,
and the two cuts. The two integrals, in opposite directions along the cuts, cancel
when the cuts are made to coincide. Thus we have

(3.6)

∮

C counter-
clockwise

φ(z) dz +
∮

C′ clockwise

φ(z) dz = 0 or

∮

C

φ(z) dz =
∮

C′
φ(z) dz where both are counterclockwise.
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Along the circle C′, z = a + ρeiθ, dz = ρieiθ dθ, and (3.6) becomes

(3.7)

∮

C

φ(z) dz =
∮

C′
φ(z) dz =

∮

C′

f(z)
z − a

dz

=
∫ 2π

0

f(z)
ρeiθ

ρieiθ dθ =
∫ 2π

0

f(z)i dθ.

Since our calculation is valid for any (sufficiently small) value of ρ, we shall let
ρ → 0 (that is, z → a) to simplify the formula. Because f(z) is continuous at z = a
(it is analytic inside C), limz→a f(z) = f(a). Then (3.7) becomes

(3.8)
∮

C

φ(z) dz =
∮

C

f(z)
z − a

dz =
∫ 2π

0

f(z)i dθ =
∫ 2π

0

f(a)i dθ = 2πif(a)

or

(3.9) f(a) =
1

2πi

∮

C

f(z)
z − a

dz, a inside C.

This is Cauchy’s integral formula. Note carefully that the point a is inside
C; if a were outside C, then φ(z) would be analytic everywhere inside C and the
integral would be zero by Cauchy’s theorem. A useful way to look at (3.9) is this:
If the values of f(z) are given on the boundary of a region (curve C), then (3.9)
gives the value of f(z) at any point a inside C. With this interpretation you will
find Cauchy’s integral formula written with a replaced by z, and z replaced by
some different dummy integration variable, say w:

(3.10) f(z) =
1

2πi

∮

C

f(w)
w − z

dw, z inside C.

For some important uses of this theorem, see Problems 11.3 and 11.36 to 11.38.

PROBLEMS, SECTION 3
Evaluate the following line integrals in the complex plane by direct integration, that is, as
in Chapter 6, Section 8, not using theorems from this chapter. (If you see that a theorem
applies, use it to check your result.)

1.
R i+1

i
z dz along a straight line parallel to the x axis.

2.
R 1+i

0
(z2 − z) dz

(a) along the line y = x;

(b) along the indicated broken line.

3.
H

C
z2 dz along the indicated paths:
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4.
R

dz/(1 − z2) along the whole positive imaginary axis, that is, the y axis; this is

frequently written as
R i∞
0

dz/(1 − z2).

5.
R

e−z along the positive part of the line y = π; this is frequently written asR∞+iπ

iπ
e−z dz.

6.
R i

1
z dz along the indicated paths:

7.

Z
dz

8i + z2
along the line y = x from 0 to ∞.

8.

Z 2π+i∞

2π

e2iz dz 9.

Z ∞+2i

1+2i

dz

(x − 2i)2
10.

Z 2+i∞

2

zeiz dz

11. Evaluate
H

C
(z̄−3) dz where C is the indicated closed curve along the

first quadrant part of the circle |z| = 2, and the indicated parts of the
x and y axes. Hint: Don’t try to use Cauchy’s theorem! (Why not?
Further hint: See Problem 2.3.)

12.
R 1+2i

0
|z|2 dz along the indicated paths:

13. In Chapter 6, Section 11, we showed that a necessary condition for
R b

a
F · dr to be

independent of the path of integration, that is, for
H

C
F · dr around a simple closed

curve C to be zero, was curlF = 0, or in two dimensions, ∂Fy/∂x = ∂Fx/∂y. By
considering (3.2), show that the corresponding condition for

H
C

f(z) dz to be zero is
that the Cauchy-Riemann conditions hold.

14. In finding complex Fourier series in Chapter 7, we showed thatZ 2π

0

einxe−imx dx = 0, n �= m.

Show this by applying Cauchy’s theorem toI
C

zn−m−1 dz, n > m,

where C is the circle |z| = 1. (Note that although we take n > m to make zn−m−1

analytic at z = 0, an identical proof using zm−n−1 with n < m completes the proof
for all n �= m.)

15. If f(z) is analytic on and inside the circle |z| = 1, show that
R 2π

0
eiθf(eiθ) dθ = 0.

16. If f(z) is analytic in the disk |z| ≤ 2, evaluate
R 2π

0
e2iθf(eiθ) dθ.

Use Cauchy’s theorem or integral formula to evaluate the integrals in Problems 17 to 20.

17.

I
C

sin z dz

2z − π
where C is the circle

(a) |z| = 1,
(b) |z| = 2.

18.

I
C

sin 2z dz

6z − π
where C is the circle |z| = 3.



678 Functions of a Complex Variable Chapter 14

19.

I
e3z dz

z − ln 2
if C is the square with vertices ±1 ± i.

20.

I
C

cosh z dz

2 ln 2 − z
if C is the circle

(a) |z| = 1,
(b) |z| = 2.

21. Differentiate Cauchy’s formula (3.9) or (3.10) to get

f ′(z) =
1

2πi

I
C

f(w) dw

(w − z)2
or f ′(a) =

1

2πi

I
C

f(z) dz

(z − a)2
.

By differentiating n times, obtain

f (n)(z) =
n!

2πi

I
C

f(w) dw

(w − z)n+1
or f (n)(a) =

n!

2πi

I
C

f(z) dz

(z − a)n+1
.

Use Problem 21 to evaluate the following integrals.

22.

I
C

sin 2z dz

(6z − π)3
where C is the circle |z| = 3.

23.

I
C

e3z dz

(z − ln 2)4
where C is the square in Problem 19.

24.

I
C

cosh z dz

(2 ln 2 − z)5
where C is the circle |z| = 2.

4. LAURENT SERIES

Theorem VII Laurent’s theorem [equation (4.1)] (which we shall state with-
out proof). Let C1 and C2 be two circles with center at z0. Let f(z) be analytic
in the region R between the circles. Then f(z) can be expanded in a series of the
form

(4.1) f(z) = a0 + a1(z − z0) + a2(z − z0)2 + · · · + b1

z − z0
+

b2

(z − z0)2
+ · · ·

convergent in R. Such a series is called a Laurent series. The “b” series in (4.1)
is called the principal part of the Laurent series.

Example 1. Consider the Laurent series

(4.2) f(z) = 1 +
z

2
+

z2

4
+

z3

8
+ · · · +

(z

2

)n

+ · · ·

+
2
z

+ 4
(

1
z2

− 1
z3

+ · · · + (−1)n

zn
+ · · ·

)

.

Let us see where this series converges. First consider the series of positive powers;
by the ratio test (see Chapters 1 and 2), this series converges for |z/2| < 1, that
is, for |z| < 2. Similarly, the series of negative powers converges for |1/z| < 1, that
is, |z| > 1. Then both series converge (and so the Laurent series converges) for |z|
between 1 and 2, that is, in a ring between two circles of radii 1 and 2.

We expect this result in general. The “a” series is a power series, and a power
series converges inside some circle (say C2 in Figure 4.1). The “b” series is a series
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of inverse powers of z, and so converges for |1/z| < some constant; thus the “b”
series converges outside some circle (say C1 in Figure 4.1). Then a Laurent series
converges between two circles (if it converges at all). (Note that the inner circle
may be a point and the outer circle may have infinite radius).

Figure 4.1

Figure 4.2

The formulas for the coefficients in (4.1) are (Problem 5.2)

(4.3) an =
1

2πi

∮

C

f(z) dz

(z − z0)n+1
, bn =

1
2πi

∮

C

f(z) dz

(z − z0)−n+1
,

where C is any simple closed curve surrounding z0 and lying in R. However, this is
not usually the easiest way to find a Laurent series. Like power series about a point,
the Laurent series (about z0) for a function in a given annular ring (about z0) where
the function is analytic, is unique, and we can find it by any method we choose.
(See examples below.) Warning: If f(z) has several isolated singularities (Figure
4.2), there are several annular rings, R1, R2, · · · , in which f(z) is analytic; then
there are several different Laurent series for f(z), one for each ring. The Laurent
series which we usually want is the one that converges near z0. If you have any
doubt about the ring of convergence of a Laurent series, you can find out by testing
the “a” series and the “b” series separately.

Example 2. The function from which we obtained (4.2) was

(4.4) f(z) =
12

z(2 − z)(1 + z)
.

This function has three singular points, at z = 0, z = 2, and z = −1. Thus there
are two circles C1 and C2 about z0 = 0 in Figure 4.2, and three Laurent series about
z0 = 0, one series valid in each of the three regions R1 (0 < |z| < 1), R2(1 < |z| < 2),
and R3(|z| > 2). To find these series we first write f(z) in the following form using
partial fractions (Problem 2):

(4.5) f(z) =
4
z

(
1

1 + z
+

1
2 − z

)

.
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Now, for 0 < |z| < 1, we expand each of the fractions in the parenthesis in (4.5) in
powers of z. This gives (Problem 2):

(4.6) f(z) = −3 + 9z/2− 15z2/4 + 33z3/8 + · · · + 6/z.

This is the Laurent series for f(z) which is valid in the region 0 < |z| < 1. To
obtain the series valid in the region |z| > 2, we write the fractions in (4.5) as

(4.7)
1

1 + z
=

1
z

1
1 + 1/z

,
1

2 − z
= −1

z

1
1 − 2/z

and expand each fraction in powers of 1/z. This gives the Laurent series valid for
|z| > 2 (problem 2):

(4.8) f(z) = −(12/z3)(1 + 1/z + 3/z2 + 5/z3 + 11/z4 + · · · ).

Finally, to obtain (4.2), we expand the fraction 1/(2 − z) in powers of z, and the
fraction 1/(1 + z) in powers of 1/z; this gives a Laurent series which converges for
1 < |z | < 2. Thus the Laurent series (4.6), (4.2) and (4.8) all represent f(z) in
(4.4), but in three different regions.

Let z0 in Figure 4.2 be either a regular point or an isolated singular point and
assume that there are no other singular points inside C1. Let f(z) be expanded
in the Laurent series about z0 which converges inside C1 (except possibly at z0);
we say that we have expanded f(z) in the Laurent series which converges near z0.
Then we have the following definitions.

Definitions:
If all the b’s are zero, f(z) is analytic at z = z0, and we call z0 a regular point.

(See Problem 4.1)
If bn �= 0, but all the b’s after bn are zero, f(z) is said to have a pole of order n

at z = z0. If n = 1, we say that f(z) has a simple pole.
If there are an infinite number of b’s different from zero, f(z) has an essential

singularity at z = z0.
The coefficient b1 of 1/(z − z0) is called the residue of f(z) at z = z0.

Example 3.

(a) ez = 1 + z +
z2

2!
+

z3

3!
+ · · ·

is analytic at z = 0; the residue of ez at z = 0 is 0.

(b)
ez

z3
=

1
z3

+
1
z2

+
1

2!z
+

1
3!

+ · · ·

has a pole of order 3 at z = 0; the residue of
ez

z3
at z = 0 is

1
2!

.
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(c) e1/z = 1 +
1
z

+
1

2!z2
+ · · ·

has an essential singularity at z = 0; the residue of e1/z at z = 0 is 1.

Most of the functions we shall consider will be analytic except for poles—such
functions are called meromorphic functions. If f(z) has a pole at z = z0, then
|f(z)| → ∞ as z → z0. A three-dimensional graph with |f(z)| plotted vertically
over a horizontal complex plane would look like a tapered pole near z = z0. We can
often see that a function has a pole and find the order of the pole without finding
the Laurent series.

Example 4.

(a)
z + 3

z2(z − 1)3(z + 1)

has a pole of order 2 at z = 0, a pole of order 3 at z = 1, and a simple pole at
z = −1.

(b)
sin2 z

z3
has a simple pole at z = 0.

To see that these results are correct, consider finding the Laurent series for f(z) =
g(z)/(z − z0)n. We write g(z) = a0 + a1(z − z0) + · · · ; then the Laurent series for
f(z) starts with the term (z − z0)−n unless a0 = 0, that is unless g(z0) = 0. Then
the order of the pole of f(z) is n unless some factors cancel. In Example 4b, the
sin z series starts with z, so sin2 z has a factor z2; thus (sin2 z)/z3 has a simple pole
at z = 0.

PROBLEMS, SECTION 4
1. Show that the sum of a power series which converges inside a circle C is an analytic

function inside C. Hint: See Chapter 2, Section 7, and Chapter 1, Section 11, and
the definition of an analytic function.

2. Show that equation (4.4) can be written as (4.5). Then expand each of the fractions
in the parenthesis in (4.5) in powers of z and in powers of 1/z [see equation (4.7)]
and combine the series to obtain (4.6), (4.8), and (4.2).

For each of the following functions find the first few terms of each of the Laurent series
about the origin, that is, one series for each annular ring between singular points. Find
the residue of each function at the origin. (Warning: To find the residue, you must use
the Laurent series which converges near the origin.) Hints: See Problem 2. Use partial
fractions as in equations (4.5) and (4.7). Expand a term 1/(z − a) in powers of z to get a
series convergent for |z| < a, and in powers of 1/z to get a series convergent for |z| > a.

3.
1

z(z − 1)(z − 2)
4.

1

z(z − 1)(z − 2)2
5.

z − 1

z3(z − 2)

6.
1

z2(1 + z)2
7.

2 − z

1 − z2
8.

30

(1 + z)(z − 2)(3 + z)
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For each of the following functions, say whether the indicated point is regular, an essential
singularity, or a pole, and if a pole of what order it is.

9. (a)
sin z

z
, z = 0 (b)

cos z

z3
, z = 0

(c)
z3 − 1

(z − 1)3
, z = 1 (d)

ez

z − 1
, z = 1

10. (a)
ez − 1

z2 + 4
, z = 2i (b) tan2 z, z = π/2

(c)
1 − cos z

z4
, z = 0 (d) cos

„
π

z − π

«
, z = π

11. (a)
ez − 1 − z

z2
, z = 0 (b)

sin z

z3
, z = 0

(c)
z2 − 1

(z − 1)2
, z = 1 (d)

cos z

(z − π/2)4
, z = π/2

12. (a)
sin z − z

z6
, z = 0 (b)

z2 − 1

(z2 + 1)2
, z = i

(c) ze1/z, z = 0 (d) Γ(z), z = 0 [See Chapter 11, equation (4.1)]

5. THE RESIDUE THEOREM
Let z0 be an isolated singular point of f(z). We are going to find the value of∮

C
f(z) dz around a simple closed curve C surrounding z0 but inclosing no other

singularities. Let f(z) be expanded in the Laurent series (4.1) about z = z0 that
converges near z = z0. By Cauchy’s theorem (V), the integral of the “a” series is
zero since this part is analytic. To evaluate the integrals of the terms in the “b”
series in (4.1), we replace the integrals around C by integrals around a circle C′ with
center at z0 and radius ρ as in (3.6), (3.7), and Figure 3.1. Along C′, z = z0 + ρeiθ;
calculating the integral of the b1 term in (4.1), we find

(5.1)
∮

C

b1dz

(z − z0)
= b1

∫ 2π

0

ρieiθ dθ

ρeiθ
= 2πib1.

It is straightforward to show (Problem 1) that the integrals of all the other bn terms
are zero. Then

∮
C f(z) dz = 2πib1, or since b1 is called the residue of f(z) at z = z0,

we can say
∮

C

f(z) dz = 2πi · residue of f(z) at the singular point inside C.

The only term of the Laurent series which has survived the integration process is
the b1 term; you can see the reason for the term “residue.” If there are several
isolated singularities inside C, say at z0, z1, z2, · · · , we draw small circles about
each as shown in Figure 5.1 so that f(z) is analytic in the region between C and the
circles. Then, introducing cuts as in Figure 3.1, we find that the integral around
C counterclockwise, plus the integrals around the circles clockwise, is zero (since the
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Figure 5.1

integrals along the cuts cancel), or the integral along C is the sum of the integrals
around the circles (all counterclockwise). But by (5.1), the integral around each
circle is 2πi times the residue of f(z) at the singular point inside. Thus we have
the residue theorem:

(5.2)
∮

C

f(z) dz = 2πi · sum of the residues of f(z) inside C,

where the integral around C is in the counterclockwise direction.

The residue theorem is useful in evaluating many definite integrals; we shall
consider this in Section 7. But first, in Section 6, we need to develop some techniques
for finding residues.

PROBLEMS, SECTION 5
1. If C is a circle of radius ρ about z0, show thatI

C

dz

(z − z0)n
= 2πi if n = 1,

but for any other integral value of n, positive or negative, the integral is zero. Hint:
Use the fact that z = z0 + ρeiθ on C.

2. Verify the formulas (4.3) for the coefficients in a Laurent series. Hint: To get an,
divide equation (4.1) by (z − z0)

n+1 and use the results of Problem 1 to evaluate
the integrals of the terms of the series. Use a similar method to find bn.

3. Obtain Cauchy’s integral formula (3.9) from the residue theorem (5.2).

6. METHODS OF FINDING RESIDUES

A. Laurent Series If it is easy to write down the Laurent series for f(z) about
z = z0 that is valid near z0, then the residue is just the coefficient b1 of the term
1/(z − z0). Caution: Be sure you have the expansion about z = z0; the series you
have memorized for ez, sin z, etc., are expansions about z = 0 and so can be used
only for finding residues at the origin (see Section 4, Example 3). Here is another
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example: Given f(z) = ez/(z − 1), find the residue, R(1), of f(z) at z = 1. We
want to expand ez in powers of z − 1; we write

ez

z − 1
=

e · ez−1

z − 1
=

e

z − 1

[

1 + (z − 1) +
(z − 1)2

2!
+ · · ·

]

=
e

z − 1
+ e + · · · .

Then the residue is the coefficient of 1/(z − 1), that is, R(1) = e.

B. Simple Pole If f(z) has a simple pole at z = z0, we find the residue by
multiplying f(z) by (z − z0) and evaluating the result at z = z0 (Problem 10).

Example 1. Find R(− 1
2 ) and R(5) for

f(z) =
z

(2z + 1)(5 − z)
.

Multiply f(z) by (z + 1
2 ), [Caution: not by (2z + 1)], and evaluate the result at

z = − 1
2 . We find

(z + 1
2 )f(z) = (z + 1

2 )
z

(2z + 1)(5 − z)
=

z

2(5 − z)
,

R(− 1
2 ) =

− 1
2

2(5 + 1
2 )

= − 1
22

.

Similarly,

(z − 5)f(z) = (z − 5)
z

(2z + 1)(5 − z)
= − z

2z + 1
,

R(5) = − 5
11

.

Example 2. Find R(0) for f(z) = (cos z)/z. Since zf(z) = cos z, we have

R(0) = (cos z)z=0 = cos 0 = 1.

To use this method, we may in some problems have to evaluate an indeterminate
form, so in general we write

(6.1) R(z0) = lim
z→z0

(z − z0)f(z) when z0 is a simple pole.

Example 3. Find the residue of cot z at z = 0. By (6.1)

R(0) = lim
z→0

z cos z

sin z
= cos 0 · lim

z→0

z

sin z
= 1 · 1 = 1.

If, as often happens, f(z) can be written as g(z)/h(z), where g(z) is analytic
and not zero at z0 and h(z0) = 0, then (6.1) becomes

R(z0) = lim
z→z0

(z − z0)g(z)
h(z)

= g(z0) lim
z→z0

z − z0

h(z)
= g(z0) lim

z→z0

1
h′(z)

=
g(z0)
h′(z0)
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by L’Hôpital’s rule or the definition of h′(z) (Problem 11).
Thus we have

(6.2) R(z0) =
g(z0)
h′(z0)

if






f(z) = g(z)/h(z), and
g(z0) = finite const. �= 0, and
h(z0) = 0, h′(z0) �= 0.

Often (6.2) gives the most convenient way of finding the residue at a simple pole.

Example 4. Find the residue of (sin z)/(1 − z4) at z = i. By (6.2) we have

R(i) =
sin z

−4z3

∣
∣
∣
∣
z=i

=
sin i

−4i3
=

e−1 − e

(2i)(4i)
=

1
8
(e − e−1) =

1
4

sinh 1.

Now you may ask how you know, without finding the Laurent series, that a
function has a simple pole. Perhaps the simplest answer is that if the limit obtained
using (6.1) is some constant (not 0 or ∞), then f(z) does have a simple pole and the
constant is the residue. [If the limit = 0, the function is analytic and the residue
= 0; if the limit is infinite, the pole is of higher order.] However, you can often
recognize the order of a pole in advance. [See end of Section 4 for the simple case
in which (z − z0)n is a factor of the denominator.] Suppose f(z) is written in the
form g(z)/h(z), where g(z) and h(z) are analytic. Then you can think of g(z) and
h(z) as power series in (z − z0). If the denominator has the factor (z − z0) to one
higher power than the numerator, then f(z) has a simple pole at z0. For example,

z cot2 z =
z cos2 z

sin2 z
=

z(1 − z2/2 + · · · )2
(z − z3/3! + · · · )2 =

z(1 + · · · )
z2(1 + · · · )

has a simple pole at z = 0. By the same method we can see whether a function has
a pole of any order

C. Multiple Poles When f(z) has a pole of order n, we can use the following
method of finding residues.

Multiply f(z) by (z − z0)m, where m is an integer greater than or equal to the
order n of the pole, differentiate the result m − 1 times, divide by (m − 1)!, and
evaluate the resulting expression at z = z0.

It is easy to prove that this rule is correct (Problem 12) by using the Laurent
series (4.1) for f(z) and showing that the result of the outlined process is b1.
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Example 5. Find the residue of f(z) = (z sin z)/(z − π)3 at z = π.
We take m = 3 to eliminate the denominator before differentiating; this is an

allowed choice for m because the order of the pole of f(z) at π is not greater than
3 since z sin z is finite at π. (The pole is actually of order 2, but we do not need
this fact.) Then following the rule stated, we get

R(π) =
1
2!

d2

dz2
(z sin z)

∣
∣
∣
∣
z=π

=
1
2
[−z sin z + 2 cos z]z=π = −1.

(To compute the derivative quickly, use Leibniz’ rule for differentiating a product;
see Chapter 12, Section 3.)

Much of this work can be done by computer. However, remember that the point
of doing these problems is to gain skill in using the ideas and techniques of complex
variable theory. So a good study method is to do the problems as outlined above
and then check your results by computer.

PROBLEMS, SECTION 6
Find the Laurent series for the following functions about the indicated points; hence find
the residue of the function at the point. (Be sure you have the Laurent series which
converges near the point.)

1.
1

z(z + 1)
, z = 0 2.

1

z(z − 1)
, z = 1 3.

sin z

z4
, z = 0

4.
cosh z

z2
, z = 0 5.

ez

z2 − 1
, z = 1 6. sin

1

z
, z = 0

7.
sin πz

4z2 − 1
, z =

1

2
8.

1 + cos z

(z − π)2
, z = π 9.

1

z2 − 5z + 6
, z = 2

10. Show that rule B is correct by applying it to (4.1).

11. Derive (6.2) by using the limit definition of the derivative h′(z0) instead of using
L’Hôpital’s rule. Remember that h(z0) = 0 because we are assuming that f(z) has
a simple pole at z0.

12. Prove rule C for finding the residue at a multiple pole, by applying it to (4.1). Note
that the rule is valid for n = 1 (simple pole) although we seldom use it for that case.

13. Prove rule C by using (3.9). Hints: If f(z) has a pole of order n at z = a, then
f(z) = g(z)/(z − a)n with g(z) analytic at z = a. By (3.9)Z

C

g(z)

(z − a)
dz = 2πig(a)

with C a contour inclosing a but no other singularities. Differentiate this equation
(n − 1) times with respect to a. (Or, use Problem 3.21.)

Find the residues of the following functions at the indicated points. Try to select the
easiest of the methods outlined above. Check your results by computer.

14.
1

(3z + 2)(2 − z)
at z = − 2

3
; at z = 2 15.

1

(1 − 2z)(5z − 4)
at z = 1

2
; at z = 4

5

16.
z − 2

z(1 − z)
at z = 0; at z = 1 17.

z + 2

4z2 − 1
at z =

1

2
; at z = −1

2
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18.
z + 2

z2 + 9
at z = 3i 19.

sin2 z

2z − π
at z = π/2

20.
z

1 − z4
at z = i 21.

z2

z4 + 16
at z =

√
2(1 + i)

22.
e2z

1 + ez
at z = iπ 23.

eiz

9z2 + 4
at z =

2i

3

24.
1 − cos 2z

z3
at z = 0 25.

e2z − 1

z2
at z = 0

26.
e2πiz

1 − z3
at z = e2πi/3 27.

cos z

1 − 2 sin z
at z = π/6

28.
z + 2

(z2 + 9)(z2 + 1)
at z = 3i 29.

e2z

4 cosh z − 5
at z = ln 2

30.
cosh z − 1

z7
at z = 0 31.

e3z − 3z − 1

z4
at z = 0

32.
eiz

(z2 + 4)2
at z = 2i 33.

1 + cos z

(π − z)3
at z = π

34.
z − 2

z2(1 − 2z)2
at z = 0 and at z =

1

2
35.

z

(z2 + 1)2
at z = i

14′ to 35′ Use the residue theorem to evaluate the contour integrals of each of the functions
in Problems 14 to 35 around a circle of radius 3

2
and center at the origin. Check carefully

to see which singular points are inside the circle. You may use your results in the previous
problems as far as they go, but you may have to compute some more residues.

36. For complex z, Jp(z) can be defined by the series (12.9) in Chapter 12. Use this
definition to find the Laurent series about z = 0 for z−3J0(z). Find the residue of
the function at z = 0.

37. The gamma function Γ(z) is analytic except for poles at z = x = 0, −1, −2, −3 · · ·
(all the negative integers). Find the residues at these poles. Hints: See Example 1
above and Chapter 11, Equation (4.1).

7. EVALUATION OF DEFINITE INTEGRALS BY USE OF THE RESIDUE THEOREM
We are going to use (5.2) and the techniques of Section 6 to evaluate several different
types of definite integrals. The methods are best shown by examples.

Example 1. Find I =
∫ 2π

0

dθ

5 + 4 cos θ
.

Figure 7.1

If we make the change of variable z = eiθ, then as
θ goes from 0 to 2π, z traverses the unit circle |z| = 1
(Figure 7.1) in the counterclockwise direction, and
we have a contour integral. We shall evaluate this
integral by the residue theorem. If z = eiθ, we have

dz = ieiθ dθ = iz dθ or dθ =
1
iz

dz,

cos θ =
eiθ + e−iθ

2
=

z + 1
z

2
.
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Making these substitutions in I, we get

I =
∮

C

1
iz

dz

5 + 2(z + 1/z)
=

1
i

∮

C

dz

5z + 2z2 + 2

=
1
i

∮

C

dz

(2z + 1)(z + 2)
,

where C is the unit circle. The integrand has poles at z = − 1
2 and z = −2; only

z = − 1
2 is inside the contour C. The residue of 1/[(2z + 1)(z + 2)] at z = − 1

2 is

R(− 1
2 ) = lim

z→−1/2
(z + 1

2 ) · 1
(2z + 1)(z + 2)

=
1

2(z + 2)

∣
∣
∣
∣
z=−1/2

= 1
3 .

Then by the residue theorem

I =
1
i

2πiR(− 1
2 ) = 2π · 1

3 =
2π

3
.

This method can be used to evaluate the integral of any rational function of
sin θ and cos θ between 0 and 2π, provided the denominator is never zero for any
value of θ. You can also find an integral from 0 to π if the integrand is even, since
the integral from 0 to 2π of an even periodic function is twice the integral from 0
to π of the same function. (See Chapter 7, Section 9 for discussion of even and odd
functions.)

Example 2. Evaluate I =
∫ ∞

−∞

dx

1 + x2
.

Here we could easily find the indefinite integral and so evaluate I by elemen-
tary methods. However, we shall do this simple problem by contour integration to
illustrate a method which is useful for more complicated problems.

Figure 7.2

This time we are not going to make a change of variable in I. We are going to
start with a different integral and show how
to find I from it. We consider

∮

C

dz

1 + z2
,

where C is the closed boundary of the semi-
circle shown in Figure 7.2. For any ρ > 1, the
semicircle incloses the singular point z = i
and no others; the residue of the integrand at
z = i is

R(i) = lim
z→i

(z − i)
1

(z − i)(z + i)
=

1
2i

.

Then the value of the contour integral is 2πi(1/2i) = π. Let us write the integral
in two parts: (1) an integral along the x axis from −ρ to ρ; for this part z = x; (2)
an integral along the semicircle, where z = ρeiθ. Then we have

(7.1)
∫

C

dz

1 + z2
=
∫ ρ

−ρ

dx

1 + x2
+
∫ π

0

ρieiθ dθ

1 + ρ2e2iθ
.
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We know that the value of the contour integral is π no matter how large ρ becomes
since there are no other singular points besides z = i in the upper half-plane. Let
ρ → ∞; then the second integral on the right in (7.1) tends to zero since the
numerator contains ρ and the denominator ρ2. Thus the first term on the right
tends to π (the value of the contour integral) as ρ → ∞, and we have

I =
∫ ∞

−∞

dx

1 + x2
= π.

This method can be used to evaluate any integral of the form
∫ ∞

−∞

P (x)
Q(x)

dx

if P (x) and Q(x) are polynomials with the degree of Q at least two greater than
the degree of P , and if Q(z) has no real zeros (that is, zeros on the x axis). If the
integrand P (x)/Q(x) is an even function, then we can also find the integral from 0
to ∞.

Example 3. Evaluate I =
∫ ∞

0

cosxdx

1 + x2
.

We consider the contour integral
∮

C

eiz dz

1 + z2
,

where C is the same semicircular contour as in Example 2. The singular point
inclosed is again z = i, and the residue there is

lim
z→i

(z − i)
eiz

(z − i)(z + i)
=

e−1

2i
=

1
2ie

.

The value of the contour integral is 2πi(1/2ie) = π/e. As in Example 2 we write
the contour integral as a sum of two integrals:

(7.2)
∮

C

eiz dz

1 + z2
=
∫ ρ

−ρ

eix dx

1 + x2
+

∫

along upper half

of z = ρeiθ

eiz dz

1 + z2
.

As before, we want to show that the second integral on the right of (7.2) tends to
zero as ρ → ∞. This integral is the same as the corresponding integral in (7.1)
except for the eiz factor. Now

|eiz| = |eix−y| = |eix||e−y| = e−y ≤ 1

since y ≥ 0 on the contour we are considering. Since |eiz | ≤ 1, this factor does not
change the proof given in Example 2 that the integral along the semicircle tends to
zero as the radius ρ → ∞. We have then

∫ ∞

−∞

eix

1 + x2
dx =

π

e
,
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or taking the real part of both sides of this equation,
∫ ∞

−∞

cosxdx

1 + x2
=

π

e
.

Since the integrand (cosx)/(1 + x2) is an even function, the integral from 0 to ∞
is half the integral from −∞ to ∞. Hence we have

I =
∫ ∞

0

cosxdx

1 + x2
=

π

2e
.

Observe that the same proof would work if we replaced eiz by eimz (m > 0) in
the above integrals. At the point where we said e−y ≤ 1 (since y ≥ 0) we would
then want e−my ≤ 1 for y ≥ 0, which is true if m > 0. [For m < 0, we could use a
semicircle in the lower half-plane (y < 0); then we would have emy ≤ 1 for y ≤ 0.
This is an unnecessary complication, however, in evaluating integrals containing
sinmx or cosmx since we can then choose m to be positive.] Although we have
assumed here that (as in Example 2) Q(x) is of degree at least 2 higher than P (x),
a more detailed proof (see books on complex variables) shows that degree at least
one higher is enough to make the integral

∫
P (z)
Q(z)

eimz dz

around the semicircle tend to zero as ρ → ∞. Thus
∫ ∞

−∞

P (x)
Q(x)

eimx dx = 2πi · sum of the residues of
P (z)
Q(z)

eimz

in the upper half-plane if all the following requirements are met:

1. P (x) and Q(x) are polynomials, and

2. Q(x) has no real zeros, and

3. the degree of Q(x) is at least 1 greater than the degree of P (x), and m > 0.

By taking real and imaginary parts, we then find the integrals
∫ ∞

−∞

P (x)
Q(x)

cosmxdx,

∫ ∞

−∞

P (x)
Q(x)

sin mxdx.

Example 4. Evaluate
∫ ∞

−∞

sin x

x
dx.

Here we remove the restriction of Examples 2 and 3 that Q(x) has no real zeros.
As in Example 3, we consider ∫

eiz

z
dz.

To avoid the singular point at z = 0, we integrate around the contour shown in
Figure 7.3. We then let the radius r shrink to zero so that in effect we are integrat-
ing straight through the simple pole at the origin. We are going to show (later in this
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Figure 7.3

section and Problem 21) that the net result of inte-
grating in the counterclockwise direction around a
closed contour which passes straight‡ through one
or more simple poles is 2πi · (sum of the residues at
interior points plus one-half the sum of the residues
at the simple poles on the boundary). (Warning:
this rule does not hold in general for a multiple pole
on a boundary.) You might expect this result. If a
pole is inside a contour, it contributes 2πi· residue, to the integral; if it is outside,
it contributes nothing; if it is on the straight line boundary, its contribution is just
halfway between zero and 2πi· residue. [See Am. J. Phys. 52, 276 (1984).] Using
this fact, and observing that, as in Example 3, the integral along the large semicircle
tends to zero as R tends to infinity, we have

∫ ∞

−∞

eix

x
dx = 2πi · 1

2

(

residue of
eiz

z
at z = 0

)

= 2πi · 1
2
· 1 = iπ.

Taking the imaginary parts of both sides, we get
∫ ∞

−∞

sin x

x
dx = π.

To show more carefully that our result is correct, let us return to the contour of
Figure 7.3. Since eiz/z is analytic inside this contour, the integral around the whole
contour is zero. As we have said, the integral along C tends to zero as R → ∞ by
the theorem at the end of Example 3. Along the small semicircle C′, we have

z = reiθ, dz = reiθidθ,
dz

z
= idθ,

∫

C′

eiz dz

z
=
∫

C′
eizidθ.

As r → 0, z → 0, eiz → 1, and the integral (along C′ in the direction indicated in
Figure 7.3) tends to ∫ 0

π

i dθ = −iπ.

Then we have as R → ∞, and r → 0,
∫ ∞

−∞

eix

x
dx − iπ = 0

or ∫ ∞

−∞

eix

x
dx = iπ

as before. Taking real and imaginary parts of this equation (and using Euler’s
formula eix = cosx + i sinx), we get

∫ ∞

−∞

cosx

x
dx = 0,

∫ ∞

−∞

sin x

x
dx = π.

‡By “straight” we mean that the contour curve has a tangent at the pole, that is, it does not
turn a corner there.
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Since (sin x)/x is an even function, we have
∫ ∞

0

sinx

x
dx =

1
2

∫ ∞

−∞

sin x

x
dx =

π

2
.

[For another way of evaluating this integral, see Chapter 7, equation (12.19).]

Principal value Now consider the cosine integral.
∫ ∞

0

cosx

x
dx

is a divergent integral since the integrand (cos x)/x is approximately 1/x near x = 0.
The value zero which we found for I =

∫∞
−∞(cosx)/x dx is called the principal value

(or Cauchy principal value) of I. To see what this means, consider a simpler integral,
namely ∫ 5

0

dx

x − 3
.

The integrand becomes infinite at x = 3, and both
∫ 3

0
dx/(x− 3) and

∫ 5

3
dx/(x− 3)

are divergent. Suppose we cut out a small symmetric interval about x = 3, and
integrate from 0 to 3 − r and from 3 + r to 5. We find

∫ 3−r

0

dx

x − 3
= ln |x − 3|

∣
∣
∣
∣

3−r

0

= ln r − ln 3,

∫ 5

3+r

dx

x − 3
= ln 2 − ln r.

The sum of these two integrals is

ln 2 − ln 3 = ln
2
3
;

this sum is independent of r. Thus, if we let r → 0, we get the result ln 2
3 which is

called the principal value of

∫ 5

0

dx

x − 3

(

often written PV

∫ 5

0

dx

x − 3
= ln

2
3

)

.

The terms ln r and − ln r have been allowed to cancel each other; graphically an
infinite area above the x axis and a corresponding infinite area below the x axis have
been canceled. In computing the contour integral we integrated along the x axis
from −∞ up to −r, and from +r to +∞, and then let r → 0; this is just the process
we described for finding principal values, so the result we found for the improper
integral

∫∞
−∞(cos x)/x dx, namely zero, was the principal value of this integral.

Example 5. Evaluate ∫ ∞

0

rp−1

1 + r
dr, 0 < p < 1,

and use the result to prove (5.4) of Chapter 11.
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We first find

(7.3)
∮

zp−1

1 + z
dz, 0 < p < 1, around C in Figure 7.4.

Before we can evaluate this integral, we must ask what zp−1 means, since for each z
there may be more than one value of zp−1. (See discussion of branches at the end of
Section 1.) For example, consider the case p = 1

2 ; then zp−1 = z−1/2. Recall from
Chapter 2, Section 10, that there are two square roots of any complex number. At
a point where θ = π/4, say, we have

z = reiπ/4, z−1/2 = r−1/2e−iπ/8.

But if θ increases by 2π (we think of following a circle around the origin and back
to our starting point), we have

z = rei(π/4+2π), z−1/2 = r−1/2e−i(π/8+π) = −r−1/2e−iπ/8.

Similarly, for any starting point (with r �= 0), we find that z−1/2 or zp−1 comes
back to a different value (different branch) when θ increases by 2π and we return
to our starting point. If we want to use the formula zp−1 to define a (single-valued)
function, we must decide on some interval of length 2π for θ (that is, we must
select one branch of zp−1). Let us agree to restrict θ to the values of 0 to 2π in
evaluating the contour integral (7.3). We may imagine an artificial barrier or cut
(which we agree not to cross) along the positive x axis; this is called a branch cut.
(See Example 3, Section 9.) A point which we cannot encircle (on an arbitrarily
small circle) without crossing a branch cut (thus changing to another branch) is
called a branch point ; the origin is a branch point here.

Figure 7.4

In Figure 7.4, then, θ = 0 along AB (upper side
of the positive x axis); when we follow C around to
DE, θ increases by 2π, so θ = 2π on the lower side of
the positive x axis. Note that the contour in Figure
7.4 never takes us outside the 0 to 2π interval, so the
factor zp−1 in (7.3) is a single-valued function. The
integrand in (7.3), namely zp−1/(1 + z), is now an
analytic function inside the closed curve C in Figure
7.4 except for the pole at z = −1 = eiπ. The residue
there is (eiπ)p−1 = −eiπp. Then we have

(7.4)
∮

C

zp−1

1 + z
dz = −2πieiπp, 0 < p < 1.

Along either of the two circles in Figure 7.4 we have z = reiθ and the integral is
∫

rp−1ei(p−1)θ

1 + reiθ
rieiθ dθ = i

∫
rpeipθ

1 + reiθ
dθ.

This integral tends to zero if r → 0 or if r → ∞. (Verify this; note that the
denominator is approximately 1 for small r, and approximately reiθ for large r.)
Thus the integrals along the circular parts of the contour tend to zero as the little
circle shrinks to a point and the large circle expands indefinitely. We are left with
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the two integrals along the positive x axis with AB now extending from 0 to ∞ and
DE from ∞ to 0. Along AB we agreed to have θ = 0, so z = rei·0 = r, and this
integral is ∫ ∞

r=0

rp−1

1 + r
dr.

Along DE, we have θ = 2π, so z = re2πi and this integral is
∫ 0

r=∞

(re2πi)p−1

1 + re2πi
e2πi dr = −

∫ ∞

0

rp−1e2πip

1 + r
dr.

Adding the AB and DE integrals, we get

(1 − e2πip)
∫ ∞

0

rp−1

1 + r
dr = −2πieiπp

by (7.4). Then the desired integral is

(7.5)
∫ ∞

0

rp−1

1 + r
dr =

−2πieiπp

1 − e2πip
=

π · 2i

eiπp − e−iπp
=

π

sin πp
.

Let us use (7.5) to obtain (5.4) of Chapter 11. Putting q = 1 − p in (6.5) and
(7.1) of Chapter 11, we have

B(p, 1 − p) =
∫ ∞

0

yp−1

1 + y
dy and

B(p, 1 − p) = Γ(p)Γ(1 − p) Γ(1) = 1.

(7.6)

Combining (7.5) and (7.6) gives (5.4) of Chapter 11, namely

Γ(p)Γ(1 − p) = B(p, 1 − p) =
∫ ∞

0

yp−1

1 + y
dy =

π

sin πp
.

Argument Principle Since w = f(z) is a complex number for each z, we can
write w = ReiΘ (just as we write z = reiθ) where R = |w| and Θ is the angle of w
[or we could call it the angle of f(z)]. As z changes, w = f(z) also changes and so
R and Θ vary as we go from point to point in the complex (x, y) plane. We want
to show that

(a) if f(z) is analytic on and inside a simple closed curve C and f(z) �= 0 on C,
then the number of zeros of f(z) inside C is equal to (1/2π)· (change in the angle
of f(z) as we traverse the curve C);

(b) if f(z) has a finite number of poles inside C, but otherwise meets the re-
quirements stated,§ then the change in the angle of f(z) around C is equal to (2π)·
(the number of zeros minus the number of poles).

(Just as we say that a quadratic equation with equal roots has two equal roots,
so here we mean that a zero of order n counts as n zeros and a pole of order n
counts as n poles.)

To show (a) and (b) we consider
∮

C

f ′(z)
f(z)

dz.

§A function which is analytic except for poles is called meromorphic.
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By the residue theorem, the integral is equal to 2πi·(sum of the residues at singu-
larities inside C). It is straightforward to show (Problem 42) that the residue of
F (z) = f ′(z)/f(z) at a zero of f(z) of order n is n, and the residue of F (z) at a
pole of f(z) of order p is −p. Then if N is the number of zeros and P the number
of poles of f(z) inside C, the integral is 2πi(N −P ). Now by direct integration, we
have

(7.7)
∮

C

f ′(z)
f(z)

dz = ln f(z)
∣
∣
C

= ln ReiΘ
∣
∣
C

= Ln R
∣
∣
C

+ iΘ
∣
∣
C
,

where R = |f(z)| and Θ is the angle of f(z). Recall from Chapter 2, Section 13, that
Ln R means the ordinary real logarithm (to the base e) of the positive number R,
and is single-valued; ln f(z) is multiple-valued because Θ is multiple-valued. Then
if we integrate from a point A on C all the way around the curve and back to A,
Ln R has the same value at A both at the beginning and at the end, so the term
Ln R|C is Ln R at A minus LnR at A; this is zero. The same result may not be
true for Θ; that is, the angle may have changed as we go from point A all the way
around C and back to A. (Think, for example, of the angle of z as we go from z = 1
around the unit circle and back to z = 1; the angle of z has increased from 0 to
2π.) Collecting our results, we have

N − P =
1

2πi

∮

C

f ′(z)
f(z)

dz =
1

2πi
iΘC(7.8)

=
1
2π

· (change in the angle of f(z) around C),

where N is the number of zeros and P the number of poles of f(z) inside C, with
poles of order n counted as n poles and similarly for zeros of order n. Equation
(7.8) is known as the argument principle (recall from Chapter 2 that argument
means angle).

This principle is often used to find out how many zeros (or poles) a given func-
tion has in a given region. (Locating the zeros of a function has important appli-
cations to determining the stability of linear systems such as electric circuits and
servomechanisms.

Example 6. Let us show that f(z) = z3 + 4z + 1 has exactly one zero in the first

Figure 7.5

quadrant. The closed curve C in (7.8) is, for this problem, the contour OPQ
in Figure 7.5, where PQ is a large quarter circle. We first observe that on the x
axis, x3 + 4x + 1 > 0 for x > 0, and on the y axis, (iy)3 + 4iy + 1 �= 0 for any
y (since its real part, namely 1, �= 0). Then f(z) �= 0 on
OP or OQ. Also f(z) �= 0 on PQ if we choose a circle large
enough to inclose all zeros. We now want to find the change
in the angle Θ of f(z) = ReiΘ as we go around C. Along
OP , z = x; then f(z) = f(x) is real and so Θ = 0. Along
PQ, z = reiθ, with r constant and very large. For very large
r, the z3 term in f(z) far outweighs the other terms, and we
have f(z) ∼= z3 = r3e3iθ. As θ goes from 0 to π/2 along PQ,
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Θ = 3θ goes from 0 to 3π/2. On QO, z = iy, f(z) = −iy3 + 4iy + 1; then

tan Θ =
imaginary part of f(z)

real part of f(z)
=

4y − y3

1
.

For very large y (that is, at Q), we had Θ ∼= 3π/2 (for y = ∞, we would have
tan θ = −∞, and Θ would be exactly 3π/2). Now as y decreases along QO, the
value of tan Θ = 4y − y3 decreases in magnitude but remains negative until it
becomes 0 at y = 2. This means that Θ changes from 3π/2 to 2π. Between y = 2
and y = 0, the tangent becomes positive, but then decreases to zero again without
becoming infinite. This means that the angle Θ increases beyond 2π but not as far
as 2π+π/2, and then decreases again to 2π. Thus the total change in Θ around C is
2π, and by (7.8), the number of zeros of f(z) in the first quadrant is (1/2π) ·2π = 1.
If we realize that (for a polynomial with real coefficients) the zeros off the real axis
always occur in conjugate pairs, we see that there must also be one zero for z in
the fourth quadrant, and the third zero must be on the negative x axis.

Bromwich integral (Inverse Laplace Transform) In Chapter 8 (Section 8ff),
we found inverse Laplace transforms from a table (pages 469–471), or by computer,
but we had no general formula for the inverse transform. By analogy with Fourier
transforms (Chapter 7, Section 12), where we have similar integrals for the direct
and inverse transforms, we might reasonably wonder whether an inverse Laplace
transform could be given by an integral. To discuss this, we repeat here for conve-
nience the definitions of Laplace and Fourier transforms.

(7.9) L(f) =
∫ ∞

0

f(t)e−ptdt = F (p)

f(x) =
∫ ∞

−∞
g(α)eiαxdα

g(α) =
1
2π

∫ ∞

−∞
f(x)e−iαxdx

(7.10)

If we compare the Laplace transform (7.9) with the Fourier transform [g(α) in
(7.10)], we observe that if p were imaginary, the integrals would be almost the
same. This suggests that we should consider complex p, and that the integral we
want for the inverse Laplace transform might be an integral in the complex p plane
(that is, a contour integral). Let’s investigate this idea.

In the definition (7.9) of the Laplace transform of f(t), let p be complex, say
p = z = x+iy. (Note that this possibility has already been considered in Chapter 8.)
Then (7.9) becomes

(7.11)
F (p) = F (z) = F (x + iy) =

∫ ∞

0

e−ptf(t) dt

=
∫ ∞

0

e−(x+iy)tf(t) dt =
∫ ∞

0

e−xtf(t)e−iyt dt, x = Re p > k.

[Recall (Chapter 8, Section 8) that we must have some restriction on Re p to make
the integral converge at infinity. The restriction depends on what the function
f(t) is, but is always of the form Re p > k, for some real k, as you can see in
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the table of Laplace transforms, pages 469–471.] Now (7.11) is of the form of a
Fourier transform. To see this, compare (7.11) with (7.10) making the following
correspondences: e−iyt dt corresponds to e−iαx dx, that is, y corresponds to α and
t to x [the x in (7.11) is just a constant parameter in this discussion]; the function

(7.12) φ(t) =

{
e−xtf(t), t > 0,

0, t < 0,

corresponds to f(x) in (7.10) and F (p) = F (x+iy) corresponds to g(α); and finally,
we recall that the 1/(2π) factor may be in either integral in (7.10). Then assuming
that φ(t) satisfies the required conditions for a function to have a Fourier transform
[see Chapter 7, Section 12: Dirichlet conditions, and

∫∞
−∞ |φ(t)| dt finite], we can

write the inverse transform to get

(7.13) φ(t) =
1
2π

∫ ∞

−∞
F (x + iy)eiyt dy.

Using the definition (7.12) of φ(t), we find

(7.14) f(t) = ext · 1
2π

∫ ∞

−∞
F (x + iy)eiyt dy =

1
2π

∫ ∞

−∞
F (x + iy)e(x+iy)t dy

for t > 0. Since x is constant, say x = c, we have dz = d(x + iy) = i dy, and we can
write (7.14) as

(7.15) f(t) =
1

2πi

∫ c+i∞

c−i∞
F (z)ezt dz, t > 0,

where the notation means (see Problem 3.4) that we integrate along a vertical line
x = c in the z plane. [This can be any vertical line on which x = c > k as required
by the restriction on Re p in (7.11).] The integral (7.15) for the inverse Laplace
transform is known as the Bromwich integral.

We would like to use contour integration and the residue theorem to evaluate
f(t) in (7.15) for a given F (p) [which we call F (z) since we consider complex p].
In Examples 2 and 3, we have evaluated integrals along a straight line (the x axis)
by considering the contour made up of the x axis and a large semicircle inclosing
the upper half plane. If we rotate this contour 90◦, we have a contour consisting of
a vertical straight line and a semicircle inclosing a left half-plane (that is, the area
to the left of x = c). Let’s use this contour to evaluate (7.15). We restrict F (z) to
be of the form P (z)/Q(z) with P (z) and Q(z) polynomials, and Q(z) of degree at
least one higher than P (z) (compare the conditions in Example 3). Then it can be
shown that, as in Examples 2 and 3, the integral along the semicircle tends to zero
as the radius tends to infinity. Thus the integral along the straight line is equal to
2πi times the sum of the residues of F (z)ezt at its poles, or, cancelling the factor
2πi in (7.15),

(7.16) f(t) = sum of residues of F (z)ezt at all poles.

We must include all poles in (7.16); to see this we can argue as follows. We know
that (7.15) is true for any value of c > k. Suppose we use a value of c which is
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large enough so that all poles lie to the left of x = c; then we know that our answer
is correct. Turning the argument around, we can say that since we would get a
different answer if we did not take x = c to the right of all poles, we must integrate
along a vertical line such that all poles of F (z)ezt are included in the contour to
the left of the line.

Example 7. Find the inverse transform of F (p) =
5

(p + 2)(p2 + 1)
.

We first find the poles of F (z)ezt and factor the denominator to get

F (z)ezt =
5ezt

(z + 2)(z + i)(z − i)
.

Evaluating the residues at the three simple poles (Section 6, method B), we find

residue at z = −2 is
5e−2t

5
= e−2t

residue at z = i is
5eit

(2 + i)(2i)

residue at z = −i is
5e−it

(2 − i)(−2i)

Then by (7.16) we have

f(t) = e−2t +
5eit(2 − i) − 5e−it(2 + i)

(2 + i)(2 − i)(2i)
= e−2t + 2 sin t − cos t.

Dispersion relations Consider
∫

f(z)
z − a

dz around the upper half plane as in

Problem 21. Let a be real. Let f(z) be analytic for y ≥ 0, and → 0 rapidly enough
at ∞ so that the integral around the semicircle in the upper half plane → 0 as the
radius of the semicircle → ∞. Then by Example 4 and Problem (21b) we get

(7.17) PV

∫ ∞

−∞

f(x)
x − a

dx = iπf(a).

Now we write f(x) = u(x) + iv(x), and take real and imaginary parts of (7.17):

(7.18) PV

∫ ∞

−∞

u(x)
x − a

dx = −πv(a), PV

∫ ∞

−∞

v(x)
x − a

dx = πu(a).

These (and similar integrals relating the real and imaginary parts of a function
satisfying the given conditions) are called dispersion relations. From them, you can
find the Kramers-Kronig relations (see Problem 66) named for the two people who
developed similar relations involving the complex index of refraction for light. (Light
traveling through a material medium is both refracted and absorbed. The real part
of the complex index of refraction is related to refraction and the imaginary part
to absorption.) These formulas have widespread applications, to optics, electricity,
solid state, elementary particle theory, quantum mechanics, etc.

The integrals in (7.18) are called Hilbert transforms, and (7.18) may be stated
in the form: u(x) and v(x) are Hilbert transforms of each other. Compare Fourier
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transforms (Chapter 7, Section 12), or a Laplace transform and the corresponding
Bromwich integral. In each case two functions have the property that each is given
by an integral involving the other. This is what an integral transform means, and
there are other integral transforms which you may discover in tables or computer.

PROBLEMS, SECTION 7
The values of the following integrals are known and can be found in integral tables or by
computer. Your goal in evaluating them is to learn about contour integration by applying
the methods discussed in the examples above. Then check your answers by computer.

1.

Z 2π

0

dθ

13 + 5 sin θ
2.

Z 2π

0

dθ

5 − 3 cos θ

3.

Z 2π

0

dθ

5 − 4 sin θ
4.

Z 2π

0

sin2 θ dθ

5 + 3 cos θ

5.

Z π

0

dθ

1 − 2r cos θ + r2
(0 ≤ r < 1) 6.

Z π

0

dθ

(2 + cos θ)2

7.

Z 2π

0

cos 2θ dθ

5 + 4 cos θ
8.

Z π

0

sin2 θ dθ

13 − 12 cos θ

9.

Z 2π

0

dθ

1 + sin θ cos α
(α = const.) 10.

Z ∞

−∞

dx

x2 + 4x + 5

11.

Z ∞

0

dx

(4x2 + 1)3
12.

Z ∞

0

x2 dx

x4 + 16

13.

Z ∞

0

x2 dx

(x2 + 4)(x2 + 9)
14.

Z ∞

−∞

sin x dx

x2 + 4x + 5

15.

Z ∞

0

cos 2x dx

9x2 + 4
16.

Z ∞

0

x sin x dx

9x2 + 4

17.

Z ∞

−∞

x sin x dx

x2 + 4x + 5
18.

Z ∞

0

cos πx dx

1 + x2 + x4

19.

Z ∞

0

cos 2x dx

(4x2 + 9)2
20.

Z ∞

0

cos x dx

(1 + 9x2)2

21. In Example 4 we stated a rule for evaluating a contour integral when the contour
passes through simple poles. We proved that the result was correct for

PV

Z
Γ

eiz

z
dz

around the contour Γ shown here.

(a) By following the same method (integrating around C′ of Figure 7.3 and letting
r → 0) show that the result is correct if we replace eiz by any f(z) which is analytic
at z = 0.

(b) Repeat the proof in (a) for

PV

Z
Γ

f(z)

(z − a)
dz, a real

(that is, a pole on the x axis), with f(z) analytic at z = a.
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Using the rule of Example 4 (also see problem 21), evaluate the following integrals. Find
principal values if necessary.

22.

Z ∞

−∞

dx

(x − 1)(x2 + 1)
23.

Z ∞

−∞

dx

(x2 + 4)(2 − x)

24.

Z ∞

−∞

x sin πx

1 − x2
dx 25.

Z ∞

0

x sin x

9x2 − π2
dx

26.

Z ∞

−∞

x dx

(x − 1)4 − 1
27.

Z ∞

0

cos πx

1 − 4x2
dx

28.

Z ∞

0

dx

1 − x4
29.

Z ∞

0

sin ax

x
dx

30. (a) By the method of Example 2 evaluate

Z ∞

0

dx

1 + x4
.

(b) Evaluate the same integral by using tables or computer to get the indefinite
integral; unless you are very careful you may get zero. Explain why.

(c) Make the change of variables u = x4 in the integral in (a) and evaluate the u
integral using (7.5).

31. Use the method of Problem 30(c) to evaluate

Z ∞

0

dx

1 + x6
.

32. Use the method of Problem 30(c) and the contour and method of Example 5 to

evaluate

Z ∞

0

dx

(1 + x4)2
.

Evaluate the following integrals by the method of Example 5.

33.

Z ∞

0

√
x dx

1 + x2
34.

Z ∞

0

√
x dx

(1 + x)2

35.

Z ∞

0

x1/3 dx

(1 + x)(2 + x)
36.

Z ∞

0

lnx

x3/4(1 + x)
dx

37.

(a) Show that Z ∞

−∞

epx

1 + ex
dx =

π

sin πp

for 0 < p < 1. Hint: Find
R

epz dz/(1 + ez) around the rectangular contour
shown. Show that the integrals along the vertical sides tend to zero as A → ∞.
Note that the integral along the upper side is a multiple of the integral along
the x axis.

(b) Make the change of variable y = ex in the x integral of part (a), and using
(6.5) of Chapter 11, show that this integral is the beta function, B(p, 1 − p).
Then using (7.1) of Chapter 11, show that Γ(p)Γ(1 − p) = π/ sin πp.
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38. Using the same contour and method as in Problem 37a evaluateZ ∞

−∞

epx

1 − ex
dx, 0 < p < 1.

Hint: The only difference between this problem and Problem 37a is that you now
have two simple poles on the contour instead of a pole inside. Use the rule of
Example 4.

39. Evaluate Z ∞

−∞

e2πx/3

cosh πx
dx.

Hint: Use a rectangle as in Problem 37a but of height 1 instead of 2π. Note that
there is a pole at i/2.

40. Evaluate Z ∞

0

x dx

sinh x
.

Hint: First find the −∞ to ∞ integral. Use a rectangle of height π and note the
simple pole at iπ on the contour.

41. The Fresnel integrals,
R u

0
sin u2 du and

R u

0
cos u2 du, are important in optics. For

the case of infinite upper limits, evaluate these integrals as follows: Make the
change of variable x = u2; to evaluate the resulting
integrals, find

H
z−1/2eiz dz around the contour shown.

Let r → 0 and R → ∞ and show that the integrals
along these quarter-circles tend to zero. Recognize the
integral along the y axis as a Γ function and so eval-
uate it. Hence evaluate the integral along the x axis;
the real and imaginary parts of this integral are the
integrals you are trying to find.

42. If F (z) = f ′(z)/f(z),

(a) show that the residue of F (z) at an nth order zero of f(z), is n. Hint: If f(z)
has a zero of order n at z = a, then

f(z) = an(z − a)n + an+1(z − a)n+1 + · · · .

(b) Also show that the residue of F (z) at a pole of order p of f(z), is −p. Hint:
See the definition of a pole of order p at the end of Section 4.

43. By using theorem (7.8), show that z3 + z2 + 9 = 0 has exactly one root in the first
quadrant. Hence show that it has one root in the fourth quadrant and one on the
negative real axis. Hint : See Example 6.

44. The fundamental theorem of algebra says that every equation of the form f(z) =
anzn + an−1z

n−1 + · · · + a0 = 0, an �= 0, n ≥ 1, has at least one root. From this it
follows that an nth degree equation has n roots. Prove this by using the argument
principle. Hint: Follow the increase in the angle of f(z) around a very large circle
z = reiθ; for sufficiently large r, all roots are inclosed, and f(z) is approximately
anzn.

As in Problem 43 find out in which quadrants the roots of the following equations lie:

45. z3 + z2 + z + 4 = 0 46. z3 + 3z2 + 4z + 2 = 0

47. z3 + 4z2 + 12 = 0 48. z4 − z3 + 6z2 − 3z + 5 = 0
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49. z4 − 4z3 + 11z2 − 14z + 10 = 0 50. z4 + z3 + 4z2 + 2z + 3 = 0

51. Use (7.8) to evaluateI
C

f ′(z)

f(z)
dz, where f(z) =

z3(z + 1)2 sin z

(z2 + 1)2(z − 3)
,

around the circle |z| = 2; around |z| = 1
2
.

52. Use (7.8) to evaluate

I
z3 dz

1 + 2z4
around |z| = 1.

53. Use (7.8) to evaluate

I
z3 + 4z

z4 + 8z2 + 16
dz around the circle |z − 2i| = 2.

54. Use (7.8) to evaluate I
C

sec2(z/4) dz

1 − tan(z/4)
,

where C is the rectangle formed by the lines y = ±1, x = ± 5
2
π.

Find the inverse Laplace transform of the following functions by using (7.16).

55.
p3

p4 + 4
Hint: Use (6.2). 56.

1

p4 − 1

57.
p + 1

p(p2 + 1)
58.

p3

p4 − 16
59.

3p2

p3 + 8

60.
1

p2(p + 1)
61.

p5

p6 − 64
62.

(p − 1)2

p(p + 1)2

63.
p

p4 − 1 64.
p2

(p2 − 1)(p2 − 4)
65.

p

(p + 1)(p2 + 4)

66. In equation (7.18), let u(x) be an even function and v(x) be an odd function.

(a) If f(x) = u(x)+iv(x), show that these conditions are equivalent to the equation
f∗(x) = f(−x).

(b) Show that

πu(a) = PV

Z ∞

0

2xv(x)

x2 − a2
dx, πv(a) = −PV

Z ∞

0

2au(x)

x2 − a2
dx.

These are the Kramers-Kronig relations. Hint: To find u(a), write the integral for u(a)

in (7.18) as an integral from −∞ to 0 plus an integral from 0 to ∞. Then in the −∞ to

0 integral, replace x by −x to get an integral from 0 to ∞, and use v(−x) = −v(x). Add

the two 0 to ∞ integrals and simplify. Similarly find v(a).

8. THE POINT AT INFINITY; RESIDUES AT INFINITY
It is often useful to think of the complex plane as corresponding to the surface of
a sphere in the following way. In Figure 8.1, the sphere is tangent to the plane at
the origin O. Let O be the south pole of the sphere, and N be the north pole of
the sphere. If a line through N intersects the sphere at P and the plane at Q, we
say that the point P on the sphere and the point Q on the plane are correspond-
ing points. Then we have a one-to-one correspondence between points on the sphere
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Figure 8.1

(except N) and points of the plane (at
finite distances from O). Imagine point
Q moving farther and farther out away
from O; then P moves nearer and nearer
to N . If z = x + iy is the complex
coordinate of Q, then as Q moves out
farther and farther from O, we would
say z → ∞. It is customary to say that
the point N corresponds to the point at
infinity in the complex plane. Observe
that straight lines through the origin in
the plane correspond to meridians of the sphere. The meridians all pass through
both the north pole and the south pole. Corresponding to this, straight lines through
the origin in the complex plane pass through the point at infinity. Circles in the
complex plane with center at O correspond to parallels of latitude on the sphere.
This mapping of the complex plane onto a sphere (or the mapping of the sphere
onto a tangent plane) is called a stereographic projection.

To investigate the behavior of a function at infinity, we replace z by 1/z and
consider how the new function behaves at the origin. We then say that infinity is
a regular point, a pole, etc., of the original function, depending on what the new
function does at the origin. For example, consider z2 at infinity; 1/z2 has a pole of
order 2 at the origin, so z2 has a pole of order 2 at infinity. Or consider e1/z; since
ez is analytic at z = 0, e1/z is analytic at ∞.

Next we want to see how to find the residue of a function at ∞. To do this, we
want to replace z by 1/z and work around the origin. In order to keep our notation
straight, let us use two variables, namely Z which takes on values near ∞, and
z = 1/Z which takes on values near 0. The residue of a function at ∞ is defined so
that the residue theorem holds, that is

(8.1)
∮

C

f(Z) dZ = 2πi · (residue of f(Z) at Z = ∞)

if C is a closed path around the point at ∞ but inclosing no other singular points.
Now what does it mean to integrate “around ∞”? Recall that we have agreed to
traverse contours so that the area inclosed always lies to our left. The area we wish
to “inclose” is the area “around ∞”; if C is a circle, this area would lie outside
the circle in our usual terminology. Figure 8.1 may clarify this. Imagine a small
circle about the north pole; the area inside this circle (that is, the area including
N) corresponds to points in the plane which are outside a large circle C. We must
go around C in the clockwise direction in order to have the area “around ∞” to
our left. Note that if Z = ReiΘ, then in going clockwise around C, we are going in
the direction of decreasing Θ. Let us make the following change of variable in the
integral (8.1):

Z =
1
z
, dZ = − 1

z2
dz.

If Z = ReiΘ traverses a circle C of radius R in the direction of decreasing Θ,
then z = 1/Z = (1/R)e−iΘ = reiθ traverses a circle C′ of radius r = 1/R in the
counterclockwise direction (that is, θ = −Θ increases as Θ decreases). Thus (8.1)
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becomes

(8.2)
∮

C′
− 1

z2
f

(
1
z

)

dz = 2πi · residue of f(Z) at Z = ∞.

The integral in (8.2) is an integral about the origin and so can be evaluated by
calculating the residue of (−1/z2)f(1/z) at the origin. (There are no other singular
points of f(1/z) inside C ′ because we assumed that there were no singular points
of f(Z) outside C except perhaps ∞.) Thus we have

(8.3) (residue of f(Z) at Z = ∞) = −
(

residue of
1
z2

f

(
1
z

)

at z = 0
)

and we can use the methods we already know for computing residues at the origin.
Note that a function may be analytic at ∞ and still have a residue there.

Example. f(Z) = 1/Z is analytic at ∞ because z is analytic at the origin. But the
residue of f(Z) = 1/Z at Z = ∞ is

−
(

residue of
1
z2

· z at z = 0
)

= −1.

PROBLEMS, SECTION 8
1. Let f(z) be expanded in the Laurent series that is valid for all z outside some circle,

that is, |z| > M (see Section 4). This series is called the Laurent series “about
infinity.” Show that the result of integrating the Laurent series term by term around
a very large circle (of radius > M) in the positive direction, is 2πib1 (just as in the
original proof of the residue theorem in Section 5). Remember that the integral
“around ∞ ” is taken in the negative direction, and is equal to 2πi·(residue at ∞).
Conclude that R(∞) = −b1. Caution: In using this method of computing R(∞),
be sure you have the Laurent series that converges for all sufficiently large z.

2. (a) Show that if f(z) tends to a finite limit as z tends to infinity, then the residue
of f(z) at infinity is limz→∞ z2f ′(z).

(b) Also show that if f(z) tends to zero as z tends to infinity, then the residue of
f(z) at infinity is − limz→∞ zf(z).

Find out whether infinity is a regular point, an essential singularity, or a pole (and if a
pole, of what order) for each of the following functions. Using Problem 1, or Problem 2,
or (8.3), find the residue of each function at infinity. Check your results by computer.

3.
z

z2 + 1
4.

2z + 3

(z + 2)2
5. sin

1

z
6.

z2 + 5

z

7.
4z3 + 2z + 3

z2
8.

z2 + 2

3z2
9.

z2 − 1

z2 + 1
10.

1 + z

1 − z

11. tan
1

z
12. ln

z + 1

z − 1

13. Give another proof of the fundamental theorem of algebra (see Problem 7.44) as
follows. Let I =

H
f ′(z)/f(z) dz about infinity, that is, in the negative direction

around a very large circle C. Use the argument principle (7.8), and also evaluate
I by finding the residue of f ′(z)/f(z) at infinity; thus show that f(z) has n zeros
inside C.
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Evaluate the following integrals by computing residues at infinity. Check your answers by
computing residues at all the finite poles. (It is understood that

H
means in the positive

direction.)

14.

I
1 − z2

1 + z2

dz

z
around |z| = 2. 15.

I
z2 dz

(2z + 1)(z2 + 9)
around |z| = 5.

16. Observe that in Problems 14 and 15 the sum of the residues at finite points plus the
residue at infinity is zero. Prove that this is always true for a function which has a
finite number of singularities.

9. MAPPING

We often find it useful to sketch a graph of a given function y = f(x) of a real
variable x. Imagine trying to make a similar sketch for a function w = f(z) of a
complex variable z. We need a plane to plot values of z and another plane to plot
values of w = f(z), that is, we need a four-dimensional space. Lacking this, we
must resort to a different method. Imagine trying to “graph” y = f(x) using only
two straight lines, but not a plane. A “graph” of y = x2 might look like Figure 9.1.
Given a point on the x axis, we can locate a corresponding point y = f(x) on the y
axis and label the two points with the same letter to indicate this correspondence.
(Note that to finish our “graph,” we really need a second positive y axis to hold the
y points corresponding to negative values of x.)

Figure 9.1

Now consider a similar method of representing a function of a complex variable
w = f(z). We use a z plane and a w plane; a given point in the z plane (that is, a
value of z) determines a corresponding value of w, that is, a point in the w plane.
The pair of points, one z and one w, are called images of each other. Although
we could label pairs of corresponding z and w points (as we did corresponding x
and y points in Figure 9.1), it is usually more interesting to sketch corresponding
curves or regions in the two planes. The correspondence between a point (or curve
or region) in the z plane, and the image point (or curve or region) in the w plane,
is called a mapping or a transformation.

Example 1. Consider the function w = i + zeiπ/4, and let us map the grid of coordinate
lines x = const., y = const. (z plane in Figure 9.2) into the w plane. You may
be able to see at once that this transformation amounts to a rotation of the grid
through an angle of π/4 (since zeiπ/4 = rei(θ+π/4)) plus a translation i (the image
of z = 0 is w = i), giving the result shown in the w plane in Figure 9.2. Alternatively,
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Figure 9.2

we can compute u and v as follows:

w = i + zeiπ/4 = i + (x + iy)
(
cos

π

4
+ i sin

π

4

)

= i + (x + iy)
(

1 + i√
2

)

=
x − y√

2
+ i

(

1 +
x + y√

2

)

.

Since w = u + iv, we have

(9.1) u =
x − y√

2
, v = 1 +

x + y√
2

.

Then (eliminating x and y in turn), we have

(9.2) u − v = −1 − y
√

2, u + v = 1 + x
√

2.

The image of the x axis (y = 0) is, from the first equation in (9.2), u− v = −1; the
image of the y axis (x = 0) is, from the second equation in (9.2), u+v = 1. Plotting
these lines in the w plane, and also plotting the images of x = ±√

2, x = ±2
√

2,
y = ±√

2, y = ±2
√

2 [using the equations (9.2)], we get Figure 9.2. (Verify that
the shaded squares are images of each other.)

If the elimination [to get (9.2)] is not easy, we can use equations (9.1) directly.
Suppose that we want the image of y = 0. With y = 0, equations (9.1) become
u = x/

√
2, v = 1+x/

√
2; these are a pair of parametric equations for a curve in the

(u, v) plane, with x as the parameter. Similarly, to find the image of x = const.,
we substitute the value of x into (9.1); we then have a pair of parametric equations
with y as the parameter.

Note that we could just as easily have found the images in the z plane of the lines
u = const., and v = const. For example, letting u = 0 in (9.1), we get x − y = 0;
the image of the v axis (u = 0) is the 45◦ line in the (x, y) plane. (We might have
guessed that going back to the z plane would involve a rotation through −45◦.) In
any given problem, we may start with simple curves (or regions) in either the z
plane or the w plane, and find their images in the other plane.
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Example 2. Let us map the coordinate grid u = const., v = const., into the z plane by
the function w = z2. We have

w = z2 = (x + iy)2 = x2 − y2 + 2ixy,

u = x2 − y2, v = 2xy.
(9.3)

Then the images of u = const. are hyperbolas x2 − y2 = const., and the images of
v = const. are also hyperbolas xy = const. (Figure 9.3). Alternatively, we could
map the lines x = const., y = const. into the w plane (Problem 1); this gives two
sets of parabolas in the (u, v) plane. Accurate graphs can be obtained by computer.

Figure 9.3

Example 3. Let us consider still another useful way of discussing the mapping by w = z2.
Using polar coordinates, we have

(9.4) z = reiθ , w = z2 = r2e2iθ.

Consider the region inside the circle r = 1 in the (x, y) plane. If r = 1 in (9.4), we
have z = eiθ, w = e2iθ. The angle of w is twice the angle of z; thus the first-quadrant
part of the area inside the circle r = 1 in the z plane maps into a semicircular area
in the w plane as indicated by the shading in Figure 9.4. The second quadrant of
the z plane disk (θ between π/2 and π) maps into the lower half of the disk in the
w plane (angle of w between π and 2π) as indicated. We have now used up the
whole area of the disk in the w plane and only half of the z plane disk. (Compare
Figure 9.1 and the comment about a second y axis.) In order to have a one-to-one
correspondence between points in the z plane and their images in the w plane, we
draw a second w plane (w plane II in Figure 9.4) to contain the images of points in
the lower half of the z plane. (Convince yourself that the two lower quarter-disks in
the z plane and their images in w plane II are correctly indicated by the shading.)
We agree that as we reach the angle 2π in w plane I, we go over to w plane II,
and as we reach the angle 4π in w plane II, we go back to w plane I. The two w
planes joined in this way are called a Riemann surface; each plane is called a sheet
of the Riemann surface. Note that the line along which the sheets of the Riemann
surface are joined (positive real axis here) is a branch cut, and the origin is a branch
point (see Example 5, Section 7). Here the branch cut and Riemann surface are in
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Figure 9.4

the w plane because z =
√

w has two branches; for w =
√

z, the Riemann surface
would be in the z plane (as in Section 7). It is not necessary to take the branch
cut along the positive x axis; we can select any 2π interval for one branch of

√
w,

for example from −π to π instead of 0 to 2π. A Riemann surface may have many
sheets; for example for w = z5, there are 5 sheets, and for w = ln z, there are an
infinite number. For more detail, see complex variables texts.

Conformal Mapping We have been discussing mappings or transformations. We
used the term transformation in Chapters 3 and 10, meaning a change of variables or
a change of coordinate system or a change of basis; let us see the connection between
the two discussions. In Chapter 10 we used only one plane [the (x, y) plane]; we
located a point in the (x, y) plane by giving its rectangular coordinates (x, y), or
its polar coordinates (r, θ), or some other coordinates (u, v). In polar coordinates,
the circles r = const., and the rays θ = const., were sketched in the (x, y) plane.
Similarly, for any coordinate system (u, v) (in Chapter 10, see Section 8 and the
Section 8 problems), we sketched the curves u = const., v = const., in the (x, y)
plane. In the complex variable language we are now using, this amounts to mapping
the w plane lines u = const., v = const., into the z plane. In Chapter 10 we were
particularly interested in transformations to orthogonal curvilinear coordinates. Let
us see that any analytic function w = f(z) = u+ iv gives us a transformation to an
orthogonal coordinate system (u, v). We have

(9.5)
dz = dx + idy, dw = du + idv,

|dz|2 = dx2 + dy2, |dw|2 = du2 + dv2.

Then the square of the arc length element in the (x, y) plane is

(9.6) ds2 = dx2 + dy2 = |dz|2 =
∣
∣
∣
∣
dz

dw

∣
∣
∣
∣

2

|dw|2 =
∣
∣
∣
∣
dz

dw

∣
∣
∣
∣

2

(du2 + dv2).

Since there is no du dv term in ds2, the (u, v) coordinate system is orthogonal
(Chapter 10, Section 8). By this we mean that if we obtain u(x, y) and v(x, y) from
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f(z) = u + iv and plot the curves u(x, y) = const., v(x, y) = const. in the (x, y)
plane, we have two sets of mutually orthogonal curves. These are the coordinate
curves for the (u, v) coordinate systems as in Chapter 10. If we solve the equations
u = u(x, y), v = v(x, y) for x and y in terms of u and v, we have the transformation
equations from the variables x, y to the variables u, v as in Problems 8.6 to 8.9 of
Chapter 10, and by (9.6) we know that the coordinate system (u, v) is an orthogonal
system [if f(z) is analytic]. We see an example of this in Figure 9.3 (two orthogonal
sets of hyperbolas). Note from (9.6) that the two scale factors in a (u, v) coordinate
system obtained this way are equal.

Figure 9.5

Although we used only one plane in Chapter 10, for complex variables we find
it useful to consider both the z plane [that is the (x, y) plane] and the w plane
[that is, the (u, v) plane]. In the (x, y) plane, the arc length element ds is given
by ds2 = dx2 + dy2. Similarly, in the (u, v) plane, the arc length element (which
we shall call dS) is given by dS2 = du2 + dv2. From (9.5) we see that ds =
|dz| and dS = |dw|. Then the ratio of
dS to ds is |dw/dz|. Consider a point z
(and its image w) at which w(z) is analytic
and dw/dz is not zero. If we stay near z,
the value of dw/dz is almost constant, and
the ratio dS/ds is nearly constant. This
says that if we consider a small area in
the z plane (ABCD in Figure 9.5) and its
image (A′B′C′D′ in Figure 9.5) in the w
plane, then

(9.7)
A′B′

AB
=

B′C′

BC
=

C′D′

CD
=

D′A′

DA
=

dS

ds
=
∣
∣
∣
∣
dw

dz

∣
∣
∣
∣ ,

that is, the two small areas are similar figures (since corresponding sides are propor-
tional). Because of this property of any mapping by an analytic function, we call the
mapping or transformation conformal (same form or shape). Corresponding angles
are equal (A = A′, etc.) and the net result of the transformation is to magnify (or
minify) and rotate each infinitesimal area. Note that the conformal property is a
local one; since the value of dw/dz changes from point to point, each tiny bit of a
figure is magnified and rotated by a different amount, and so a large figure will not
have the same shape after mapping. Also note that we do not have conformality
in the neighborhood of a point where dw/dz = 0; for example, in Figure 9.4 a tiny
quarter-circle about the origin in the z plane maps into a tiny semicircle in the w
plane.

PROBLEMS, SECTION 9

In these problems you should be able to make rough sketches by hand, but for accurate
graphs use a computer.

1. Solve equations (9.3) for x and y in terms of u and v. Use your equations to sketch
the images in the w plane of the z plane lines x = const. (for several values of x)
and similarly of y = const.
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For each of the following functions w = f(z) = u + iv, find u and v as functions of x
and y. Sketch the graphs in the (x, y) plane of the images of u = const. and v = const.
for several values of u and several values of v as was done for w = z2 in Figure 9.3. The
curves u = const. should be orthogonal to the curves v = const.

2. w =
z + 1

2i
3. w =

1

z
4. w = ez 5. w =

z − i

z + i

6. w =
√

z. Hint: This is equivalent to w2 = z; find x and y in terms of u and v and
then solve the pair of equations for u and v in terms of x and y. Note that this is
really the same problem as Problem 1 with the z and w planes interchanged.

7. w = sin z 8. w = cosh z

Describe the Riemann surface for

9. w = z3 10. w =
√

z 11. w = ln z

12. If w = f(z) = u(x, y) + iv(x, y), f(z) analytic, defines a transformation from the
variables x, y to the variables u, v, show that the Jacobian of the transformation
(Chapter 5, Section 4) is ∂(u, v)/∂(x, y) = |f ′(z)|2. Hint: To simplify the deter-
minant, use the Cauchy-Riemann equations and the equations (Section 2) used in
obtaining them.

13. Verify the matrix equation „
du
dv

«
= J

„
dx
dy

«
,

where J is a matrix whose determinant is the Jacobian in Problem 12. Multiply the
matrix equation by its transpose and use Problem 12 to obtain dS/ds = |dw/dz| as
in (9.7).

14. We have discussed the fact that a conformal transformation magnifies and rotates
an infinitesimal geometrical figure. We showed that |dw/dz| is the magnification
factor. Show that the angle of dw/dz is the rotation angle. Hint: Consider the
rotation and magnification of an arc dz = dx + idy (of length ds and angle arc tan
dy/dx) which is required to obtain the image of dz, namely dw.

15. Compare the directional derivative dφ/ds (Chapter 6, Section 6) at a point and
in the direction given by dz in the z plane, and the directional derivative dφ/dS
in the direction in the w plane given by the image dw of dz. Hence show that
the rate of change of T in a given direction in the z plane is proportional to the
corresponding rate of change of T in the image direction in the w plane. (See
Section 10, Example 2.) Show that the proportionality constant is |dw/dz|. Hint:
See equations (9.6) and (9.7).

10. SOME APPLICATIONS OF CONFORMAL MAPPING

Many different physical problems require solution of Laplace’s equation. We are
going to show how to solve a few such problems by conformal mapping. Much of
this work can be done by computer. But before you can use the computer, you
need to know the basic theory behind the use of conformal mapping. Our purpose
in this section is to learn this background. First we consider a very simple problem
for which we know the answer from elementary physics.
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Figure 10.1

Example 1. In Figure 10.1, the shaded area in the (u, v) plane represents a rectangular
plate. The ends and faces of the plate are insulated, the bottom edge is held at
temperature T = 0◦, and the top edge at T = 100◦. Then we know from elementary
physics that the temperature increases linearly from the bottom edge (v = 0) to the
top edge (v = π), that is, T = (100/π)v at any point of the plate. Let us also derive
this answer by a more advanced method. It is known from the theory of heat that
the temperature T of a body satisfies Laplace’s equation in regions where there is no
source of heat. (See Chapter 13, Section 2.) In our problem we want a solution of
Laplace’s equation which satisfies the boundary conditions, that is, T = 100◦ when
v = π, T = 0◦ when v = 0, and ∂T/∂u = 0 on the ends (see Chapter 13, Problem
2.14). You should verify that T = 100v/π satisfies ∂2T/∂u2 + ∂2T/∂v2 = 0, and
satisfies all the boundary conditions. Also note that an easy way to know that v
satisfies Laplace’s equation is to observe that it is the imaginary part of w = u+ iv,
and use Theorem IV of Section 2 which says that the real and imaginary parts of
an analytic function of a complex variable satisfy Laplace’s equation.

Now let us use our results to solve a harder problem.

Example 2. Consider the mapping of the rectangle in the w plane into the z plane by the
function w = ln z (Figure 10.1, z plane). We have

w = ln z = ln(reiθ) = ln r + iθ = u + iv,

u = ln r, v = θ.
(10.1)

Then v = 0 maps into θ = 0, that is, the positive x axis; v = π maps into θ = π, that
is, the negative x axis (z plane, Figure 10.1). The insulated end of the rectangle
at u = 0 maps into ln r = 0 or r = 1; the left-hand end of the rectangle maps into
a small semicircle about the origin which we can think of as a bit of insulation at
the origin separating the 0◦ and 100◦ parts of the x axis. (If the left-hand end of
the rectangle is at u = −∞, we have ln r = −∞, r = 0, and the image is just the
origin; for finite negative u, the image is a semicircle with r < 1.) We can now solve
the problem indicated by the picture in the z plane of Figure 10.1. A semicircular
plate has its faces and its curved boundary insulated, and has half its flat boundary
at 0◦ and the other half at 100◦ (with a bit of insulation at the center). Find
the temperature T at any point of the plate. To solve this problem we need only
transform our solution in the (u, v) plane to the variables x, y by using (10.1). Thus
we find

(10.2) T =
100
π

V =
100
π

θ =
100
π

arc tan
y

x
, 0 ≤ θ ≤ π.
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It is not hard to justify our method; we need to show that our solution satisfies
Laplace’s equation and that it satisfies the boundary conditions. It is straightfor-
ward to show (Problem 1) that if a function φ(u, v) satisfies Laplace’s equation
∂2φ/∂u2 + ∂2φ/∂v2 = 0, then the function of x and y obtained by substituting
u = u(x, y), v = v(x, y) in φ satisfies Laplace’s equation in x and y, where u and
v are the real and imaginary parts of an analytic function w = f(z). Thus we
know that (10.2) satisfies Laplace’s equation (or in this case you can easily verify
the fact directly). We must also know that the transformed T satisfies the bound-
ary conditions; this is where conformal mapping is so useful. Observe in Figure
10.1 that we had a transformation which took the boundaries of a simple region
(a rectangle) for which we knew the solution of the temperature problem, into the
boundaries of a more complicated region for which we wanted the solution. This is
the basic method of conformal mapping—to transform from a simple region where
you know the answer to a given problem, to the region in which you want the so-
lution. The temperature at any (x, y) point is the same as the temperature at the
(u, v) image point, since we obtain the temperature as a function of x and y by
the same substitution u = u(x, y), v = v(x, y) that we use to obtain image points.
Thus the temperatures on the boundaries of the transformed region are the same
as the temperatures on the corresponding boundaries of the simpler (u, v) region.
Similarly, isothermals (curves of constant temperature) transform into isothermals;
in this problem the (u, v) isothermals are the lines v = const., and so the (x, y)
isothermals are θ = const. You can show that the rate of change of T in a direction
perpendicular to a boundary in the (u, v) plane is proportional to the corresponding
rate of change of T in a direction perpendicular to the image boundary in the (x, y)
plane (Problem 9.15). Thus insulated boundaries (across which the rate of change
of T is zero) map into insulated boundaries. The lines (or curves) perpendicular to
the isothermals give the direction of flow of heat; in Figure 10.1 heat flows along
the lines u = const. in the w plane, and along the circles r = const. (which are the
images of u = const.) in the z plane.

Using the same mapping function w = ln z, we can solve a number of other
physics problems. Observe first that if we think of Figure 10.1 as representing a cross
section of a three-dimensional problem (with all parallel cross sections identical),
then (10.2) gives the solution of the three-dimensional problem also. In Figure 10.1
the (u, v) diagram would be the cross section of a slab with faces at T = 100◦ and
T = 0◦ and all other surfaces insulated (or extending to infinity); the (x, y) diagram
would similarly represent half a cylinder. Now let us do a three-dimensional problem
in electrostatics.

Figure 10.2

Example 3. In Figure 10.2 the (u, v) diagram represents (the cross section of) two infinite
parallel plates, one at potential V = 0 volts and one at potential V = 100 volts. The
(x, y) diagram represents (the cross section of) one plane with its right-hand half
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at potential V = 0 volts and its left-hand half at V = 100 volts. From electricity
we know that the electrostatic potential V satisfies Laplace’s equation in regions
where there is no free charge (see Chapter 13, Section 1). You should convince
yourself that the mapping by (10.1) gives the result shown in Figure 10.2, and that
the potential is given by

V =
100
π

v =
100
π

θ =
100
π

arc tan
y

x
, 0 ≤ θ ≤ π

as in (10.2). The equipotentials (V = const.) in the (x, y) plane are the lines θ =
const. Recall that the electric field is given by E = −∇V , and that the gradient of
V is perpendicular to V = const. (Chapter 6, Section 6). Then the direction of the
electric field at any point is perpendicular to the equipotential through that point.
Thus if we sketch the curves r = const. which are perpendicular to the equipotentials
θ = const., then the tangent to a circle at a point gives the direction of the electric
field E at that point. Note the correspondence between the isothermals of the
temperature problem and the equipotentials here, and between the lines of electric
flux (curves tangent to E) and the lines or curves along which heat flows.

We can also solve problems in hydrodynamics (see Chapter 6, Section 10) by
conformal mapping. We consider a two-dimensional flow of water by which we
mean either that we think of the water as flowing in a thin sheet over the (x, y)
[or (u, v)] plane, or if it has depth, the flow is the same in all planes parallel to
the (x, y) [or (u, v)] plane. Although it is convenient to talk about water, what we
actually require is an irrotational flow (see Chapter 6, Section 11) of a nonviscous
incompressible fluid. For then (see Problem 2) the velocity V of the liquid is given
by V = ∇Φ, where Φ (called the velocity potential) satisfies Laplace’s equation.
Water approximately meets these requirements.

Figure 10.3

Example 4. Figure 10.3 shows two flow patterns related by the same transformation we
have used in the heat problem and the electrostatics problem, namely w = ln z. In
the w plane of Figure 10.3, we picture water flowing in the u direction at constant
speed V0 down a channel between v = 0 and v = 2π. (Note that v is the imaginary
part of w = u + iv and has nothing to do with velocity.) The velocity potential
is Φ = V0u; for then the velocity, V = ∇Φ, has components ∂Φ/∂u = V0 in the
u direction and ∂Φ/∂v = 0 in the v direction as we have assumed. The function
Φ+iΨ = V0w = V0(u+iv) is called the complex potential ; the function Ψ (conjugate
to Φ; see Section 2) is called the stream function. The lines Ψ = const. (that is,
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v = const. in the w plane) are the lines along which the water flows and are called
streamlines. Observe that the lines Φ = const. and the lines Ψ = const. are mutually
perpendicular sets of lines. The water flows across lines of constant Φ and along
streamlines (constant Ψ); boundaries of the channel (v = 0 and v = 2π) must then
be streamlines. The water comes from the left (Figure 10.3, w plane) and goes off
to the right; we say that there is a source at the left and a sink at the right.

Now consider the mapping of the w plane flow of Figure 10.3 into the z plane
by the function w = ln z. The complex potential is

Φ + iΨ = V0w = V0 ln z = V0(ln r + iθ).

The streamlines are Ψ = const., or θ = const., that is, radial lines; the curves Φ =
const. are circles r = const. and are perpendicular to the streamlines. The velocity
is given by

V = ∇Φ = V0∇(ln r) = V0

(

er
∂

∂r
+ eθ

1
r

∂

∂θ

)

ln r = er
V0

r
.

What we are describing, then, is the flow of water from a source at the origin out
along radial lines. Since the same amount of water crosses a small circle (about the
origin) or a large one, the velocity of the water decreases with r as we have found
(|V| = V0/r).

We can obtain another flow pattern from any given one by interchanging the
equipotentials and the streamlines. In Figure 10.3, z plane, this new flow would have
the circles r = const. as streamlines and would correspond to a whirlpool motion
of the water about the origin (called a vortex ). There are still other applications
of this diagram. The circles r = const. give the direction of the magnetic field
about a long current-carrying wire perpendicular to the (x, y) plane and passing
through the origin. The radial lines θ = const. give the direction of the electric
field about a similar long wire with a static charge on it. The radial lines give the
direction of heat flow from a small hot object at the origin, and the circles r = const.
are then the isothermals. By starting with problems like these to which we know
the answers and using various conformal transformations, we can solve many other
physics problems involving fluid flow, electricity, heat, and so on. Some examples
are outlined in the problems and you will find many more in books on complex
variables.

Example 5. Let us consider one somewhat more complicated example of the use of con-
formal mapping. We shall be able to solve two interesting physics problems in this
example: (1) to find the flow pattern for water flowing out of the end of a straight
channel into the open, and (2) to find the edge effect (fringing) at the ends of a
parallel-plate capacitor.

We consider the mapping function

z = w + ew = u + iv + eueiv = u + iv + eu(cos v + i sin v),
x = u + eu cos v, y = v + eu sin v.

(10.3)

In Figure 10.4, w plane, we picture a parallel flow of water at constant velocity in
the region between the lines DEF and GHI; this is just like the flow of Figure 10.3,
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Figure 10.4

w plane. Now let us map the w plane streamlines into the z plane using (10.3). On
the u axis, v = 0; putting v = 0 in (10.3), we find y = 0, and x = u + eu. Thus
the u axis maps into the x axis (y = 0) with u = −∞ corresponding to x = −∞,
u = 0 corresponding to x = 1, and u = +∞ corresponding to x = +∞ as shown
in Figure 10.4 (line ABC maps into A′B′C′). Now on DEF , v = π; substituting
v = π into (10.3), we find y = π, x = u + eu cosπ = u − eu. However, the image
of v = π is not the entire line y = π. To see this consider x = u − eu. We find the
maximum value of x for dx/du = 1− eu = 0, d2x/du2 = −eu < 0. These equations
are satisfied for u = 0, x = −1. The point E (u = 0, v = π) maps into the point
E′ (x = −1, y = π). Thus DE in the w plane maps into the part of the line y = π
in the z plane up to x = −1 with u = −∞ corresponding to x = −∞ and u = 0
corresponding to x = −1. To see how to map EF , we realize that x has its largest
value at u = 0 and so decreases as u increases; for very large positive u, x = u− eu

is negative and of large absolute value since eu 	 u. Thus the positive part of
v = π (EF ) maps into the same line segment (y = π, x ≤ −1) that we obtained
for the mapping of the negative part (DE), but this time the line segment (E′F ′,
z plane) is traversed backward. It is as if the line y = π were broken at x = −1
and bent back upon itself through an angle of 180◦. By a parallel discussion of
the line GHI, we find that it maps as shown in Figure 10.4 into G′H ′I ′. Other
streamlines in the w plane are given by v = const. for any v between −π and π. If
we substitute v = const. into the x and y equations in (10.3), we have parametric
equations (with u as the parameter) for the streamlines in the z plane. For any value
of v, these streamlines can be plotted in the z plane: some of them are shown by
the solid curves in Figure 10.5. Think of D′E′ and G′H ′ as boundaries of a channel
(in the z plane) down which water flows coming from x = −∞. The boundaries
stop at x = −1 and the water flows out of the channel spreading over the whole
plane, including spreading back along the outsides (E′F ′ and H ′I ′) of the channel
boundaries. This is correct according to our mapping, for the boundary streamline
DEF mapped into the broken-and-folded-back line D′E′F ′, and similarly for GHI
to G′H ′I ′.

For the electrical application, let DEF and GHI represent (the cross section
of) a large parallel plate capacitor. Then the lines v = const. are the equipotentials
and the lines u = const. give the direction of the electric field E. The image in the
z plane represents (a cross section of) the end of a parallel plate capacitor. The
images of the equipotentials v = const. are the equipotentials in the z plane (same
as the streamlines, shown as solid curves in Figure 10.5). The images of the lines
u = const. (shown as dotted curves in Figure 10.5) give the direction of the electric
field at the end of a parallel-plate capacitor. Well inside the plates the E lines are
vertical, but at the end they bulge out; this effect is known as fringing.
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Figure 10.5

PROBLEMS, SECTION 10

1. Prove the theorem stated just after (10.2) as follows. Let φ(u, v) be a harmonic
function (that is, φ satisfies ∂2φ/∂u2 + ∂2φ/∂v2 = 0). Show that there is then an
analytic function g(w) = φ(u, v) + iψ(u, v) (see Section 2). Let w = f(z) = u + iv
be another analytic function (this is the mapping function). Show that the function
h(z) = g(f(z)) is analytic. Hint: Show that h(z) has a derivative. (How do you find
the derivative of a function of a function, for example, ln sin z?) Then (by Section 2)
the real part of h(z) is harmonic. Show that this real part is φ(u(x, y), v(x, y)).

2. A fluid flow is called irrotational if ∇×V = 0 where V = velocity of fluid (Chapter 6,
Section 11); then V = ∇Φ. Use Problem 10.15 of Chapter 6 to show that if the
fluid is incompressible, the Φ satisfies Laplace’s equation. (Caution: In Chapter 6,
we used V = vρ, with v = velocity; here V = velocity.)

3. Assuming from electricity the equations ∇·D = ρ, E = −∇V , D = εE (ε = const.),
show that in regions where the free charge density ρ is zero, V satisfies Laplace’s
equation.

4. Let a flat plate in the shape of a quarter-circle, as
shown, have its faces and curved boundary insulated,
and its two straight edges held at 0◦ and 100◦. Find
the temperature distribution T (x, y) in the plate, and
the equations of the isothermals. Hint: Use the map-
ping function w = ln z as in Figure 10.1; what w plane
line maps into the y axis?

5. Consider a capacitor made of two very large perpendicular plates. (Let the positive
x and y axes in the diagram of Problem 4 represent a cross section of the capacitor.)
Let one plate (x axis) be held at potential V = 0, and the other plate (y axis) be
held at potential V = 100 volts. Find the potential V (x, y) for x > 0, y > 0, and
the equations of the equipotentials. Hint: This problem is mathematically the same
as Problem 4.
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6. Let the figure represent (the cross section of) a hot cylinder (say T = 100◦) lying
on a cold plane (say T = 0◦). (Separate the two by a bit of insulation.) Find
the temperature in the shaded region. Alternatively, let the cylinder and the plane
be held at two different electric potentials (with insulation
between), and find the electric potential in the shaded region.
Find and sketch some of the isothermals (equipotentials) and
some of the curves (perpendicular to the isothermals) along
which heat flows (lines of flux for the electric case). Hint:
Use the mapping function w = 1/z, and consider the image
of the w plane region between v = 0 and v = −1.

7. Use the mapping function w = z2 to find the streamlines for the flow of water
around the inside of a right-angle boundary. Find the velocity potential Φ, the
stream function Ψ, and the velocity V = ∇Φ.

8. Observe that the magnitude of the velocity in Problem 7 can be obtained from
V = V0|dw/dz|. Show that this result holds in general as follows. Let w = f(z) be
an analytic mapping function such that the lines v = const. map into the streamlines
of the flow you want to consider in the z plane. Then

V0w = V0(u + iv) = Φ(x, y) + iΨ(x, y).

Show that

V0
dw

dz
=

∂Φ

∂x
− i

∂Φ

∂y
= Vx − iVy

(this expression is called the complex velocity). Hence show that V = V0|dw/dz|.
9. Find and sketch the streamlines for the flow of water over a semicircular hump (say

a half-buried log at the bottom of a stream) as shown. Hint: Use the mapping
function w = z + z−1. Show that the u axis maps into the contour ABCDE with
the correspondence shown.

10. Find and sketch the streamlines for the indicated flow of water inside a
rectangular boundary. Hint: Consider w = sin z; map the u axis into the
boundary of the rectangle.

11. For w = ln[(z + 1)/(z − 1)], show that the images of u = const. and v = const. are
two orthogonal sets of circles. Find centers and radii of five or six circles of each set
and sketch them. Include the circle with center at the origin.

Use the results of Problem 11 to solve the following
physics problems.

12. The figure represents the cross section of a long
cylinder (assume it infinitely long) cut in half,
with the top half and the bottom half insulated
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from each other. Let the surface of the top half be held at temperature T = 30◦ and
the surface of the bottom half at T = 10◦. Find the temperature T (x, y) inside the
cylinder. Hint: Show that the line v = π/2 maps into the lower half of the circle
|z| = 1, and the line v = 3π/2 maps into the upper half of the circle.

13. Let the figure in Problem 12 represent (the cross section of) a capacitor with the
lower half at potential V1 and the upper half at potential V2. Find the potential
V (x, y) between the plates (that is, inside the circle). Hint: This is almost like
Problem 12. Observe that in the text and in Problem 12, the w-plane temperature
is of the form Av, with A constant; here you need the potential of the form Av + B,
A and B constants.

14. In the figure in Problem 12, let z = −1 be a source and z = +1 a sink, and let the
water flow inside the circular boundary. Find Φ, Ψ, and V. Sketch the streamlines.

15. In Problem 14, the streamlines were the images of v = const. Consider the flow
(over the whole plane, that is, with no boundaries) with streamlines u = const.
This flow may be described as two vortices rotating in opposite directions. Sketch
a number of streamlines indicating the direction of the velocity with arrows. Since
a boundary is a streamline, a flow is not disturbed by inserting a boundary along
a streamline. Insert two circular boundaries corresponding to u = a and u = −a.
Show that the velocity through the narrow neck (say at z = 0) is greater than the
velocity elsewhere (say at z = i). You can simplify your calculation of the velocity
by showing that the result in Problem 8 holds here also.

16. Two long parallel cylinders form a capacitor. (Let their cross sections be the images
of u = a and u = −a.) If they are held at potentials V0 and −V0, find the potential
V (x, y) at points between them. given that the charge (per unit length) on a cylinder
is q = V0/(2a), show that the capacitance (per unit length), that is, q/(2V0), is
given by 1/(4 cosh−1 d/(2r)), where d is the distance between the centers of the two
cylinders, and their radii are r.

17. Other problems to consider using the mapping function of Problem 11: (a) a capac-
itor consisting of two long cylinders one inside the other, but not concentric; (b) the
magnetic field in a plane perpendicular to two long parallel wires carrying equal but
opposite currents; (c) the electric field in a plane perpendicular to two long parallel
wires, one charged positive and the other negative; (d) other flow problems obtained
by inserting boundaries along streamlines.

11. MISCELLANEOUS PROBLEMS
In Problems 1 and 2, verify that the given function is harmonic, and find a function f(z) of
which it is the real part. Hint: Use Problem 2.64. For Problem 2, see Chapter 2, Section
17, Problem 19.

1. ln
p

(1 + x)2 + y2 2. arc tan
y

x + 1

3. Liouville’s theorem: Suppose f(z) is analytic for all z (except ∞), and bounded
[that is, |f(z)| ≤ M for all z and some M ]. Prove that f(z) is a constant. Hints: If
f ′(z) = 0, then f(z) = const. To show this, write f ′(z) as in Problem 3.21 where C
is a circle of radius R and center z, that is, w = z +Reiθ. Show that |f ′(z)| ≤ M/R,
and let R → ∞.

4. Use Liouville’s theorem (Problem 3) to prove the fundamental theorem of algebra
(see Problem 7.44). Hint: Let P (z) be a polynomial of degree ≥ 1; then f(z) =
1/P (z) is a bounded analytic function in a region not containing any zeros of P (z).
Disprove the assumption that P (z) has no zeros anywhere.
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In Problems 5 to 8, find the residues of the given function at all poles. Take z = reiθ,
0 ≤ θ < 2π.

5.
z1/3

1 + z2
6.

√
z

1 + 8z3
7.

ln z

1 + z2
8.

ln z

(2z − 1)2

In Problems 9 to 10, use Laurent series to find the residues of the given functions at the
origin.

9.
sin z2

z7
10.

ln(1 − z)

sin2 z

11. Find the Laurent series of f(z) = ez/(1 − z) for |z| < 1 and |z| > 1. Hints:
For |z| < 1, multiply two power series; you should find f(z) =

P∞
n=0 anzn with

an =
Pn

k=0 1/k!. For |z| > 1, use (4.3) where C is a circle |z| = a with a > 1.
Evaluate the integrals by finding residues at 1 and 0. You should find f(z) =P∞

n=0 anzn +
P∞

n=1 bnz−n where all bn = −e and an = −e +
Pn

k=0 1/k!.

12. Let f(z) be the branch of
√

z2 − 1 which is positive for large positive real values
of z. Expand the square root in powers of 1/z to obtain the Laurent series of f(z)
about ∞. Thus by Problem 8.1 find the residue of f(z) at ∞. Check your result by
using equation (8.2).

In Problems 13 and 14, find the residues at the given points.

13. (a)
cos z

(2z − π)4
at

π

2 (b)
2z2 + 3z

z − 1
at ∞

(c)
z3

1 + 32z5
at z = − 1

2
(d) csc(2z − 3) at z = 3

2

14. (a)
ln(1 + 2z)

z2
at 0 (b)

1

z
sin(2z + 5) at ∞

(c)
z3

4z4 + 1
at 1

2
(1 + i) (d)

z sin 2z

(z + π)2
at − π

In Problem 15 to 20, evaluate the integrals by contour integration.

15.

Z π

0

cos θ dθ

5 − 4 cos θ
16.

Z 2π

0

sin θ dθ

5 + 3 sin θ

17.

Z ∞

0

cos x dx

(4x2 + 1)(x2 + 9)
18.

Z ∞

0

x sin(πx/2)

x4 + 4
dx

19. PV

Z ∞

−∞

sin x dx

(3x − π)(x2 + π2)
20. PV

Z ∞

−∞

cos x dx

x(1 − x)(x2 + 1)

Verify the formulas in Problem 21 to 27 by contour integration or as indicated. Assume
a > 0, m > 0.

21.

Z 2π

0

dθ

a + b sin θ
=

Z 2π

0

dθ

a + b cos θ
=

2π√
a2 − b2

, |b| < a

22.

Z 2π

0

dθ

(a + b sin θ)2
=

Z 2π

0

dθ

(a + b cos θ)2
=

2πa

(a2 − b2)3/2
, |b| < a

Hint: You can do this directly by contour integration, but it is easier to differentiate
Problem 21 with respect to a.

23.

Z 2π

0

sin θ dθ

a + b sin θ
=

Z 2π

0

cos θ dθ

a + b cos θ
=

2π

b

„
1 − a√

a2 − b2

«
, |b| < a
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24.

Z ∞

0

cos mx dx

x2 + a2
=

π

2a
e−ma 25. PV

Z ∞

0

cos mx dx

x2 − a2
= − π

2a
sin ma

26.

Z ∞

0

x sin mx dx

x2 + a2
=

π

2
e−ma 27. PV

Z ∞

0

x sin mx dx

x2 − a2
=

π

2
cos ma

Hint for Problems 26 and 27: Differentiate Problems 24 and 25 with respect to m.

28. Evaluate

Z ∞

0

√
x ln x dx

(1 + x)2
by using the contour of Figure 7.4.

Hint: Along DE, z = re2πi so ln z = ln r + 2πi.

29. Evaluate

Z ∞

0

(ln x)2

1 + x2
dx by using the contour of Figure 7.3. Comment: Note that

your work also shows that

Z ∞

0

ln x

1 + x2
dx = 0.

30. Show that

PV

Z ∞

0

cos(ln x)

x2 + 1
dx =

π

2 cosh(π/2)

by integrating ei ln z/(z2 −1) around a contour like Figure 7.3 but rotated 90◦ clock-
wise so the straight side is along the y axis.

As in Section 7, find out how many roots the equations in Problem 31 to 34 have in each
quadrant.

31. z4 + 3z + 5 = 0 32. z3 + 2z2 + 5z + 6 = 0

33. z6 + z3 + 9z + 64 = 0
(no real roots)

34. z8 + 5z3 + 3z + 4 = 0
(2 negative real roots)

35. Show that the Cauchy-Riemann equations [see (2.2) and Problem 2.46] in a general
orthogonal curvilinear coordinate system [see Chapter 10, Sections 8 and 9] are

1

h1

∂u

∂x1
=

1

h2

∂v

∂x2
,

1

h1

∂v

∂x1
= − 1

h2

∂u

∂x2

where, as in Chapter 10, the variables are x1, x2 and the scale factors are h1, h2.
Hint: Consider the directional derivatives (Chapter 6, Section 6) in two perpendic-
ular directions. (Compare Problem 2.46.) Also show that u and v satisfy Laplace’s
equation, Chapter 10, equation (9.10) (drop the x3 term and set h3 = 1).

36. Show that a harmonic function u(x, y) is equal at every point a to its average value
on any circle centered at a [and lying in the region where f(z) = u(x, y) + iv(x, y)
is analytic]. Hint: In (3.9), let z = a + reiθ (that is, C is a circle with center at
a), and show that the average value of f(z) on the circle is f(a) (see Chapter 7,
Section 4 for discussion of the average of a function). Take real and imaginary parts
of f(a) = [u(x, y) + iv(x, y)]z=a.

37. A (nonconstant) harmonic function takes its maximum value and its minimum value
on the boundary of any region (not at an interior point). Thus, for example, the
electrostatic potential V in a region containing no free charge takes on its largest
and smallest values on the boundary of the region; similarly, the temperature T of a
body containing no sources of heat takes its largest and smallest values on the surface
of the body. Prove this fact (for two-dimensional regions) as follows: Suppose that
it is claimed that u(x, y) takes its maximum value at some interior point a; this
means that, at all points of some small disk about a, the values of u(x, y) are no
larger than at a. Show by Problem 36 that such a claim leads to a contradiction
(unless u = const.). Similarly prove that u(x, y) cannot take its minimum value at
an interior point.



Section 11 Miscellaneous Problems 721

38. Show that a Dirichlet problem (see Chapter 13, Section 3) for Laplace’s equation in
a finite region has a unique solution; that is, two solutions u1 and u2 with the same
boundary values are identical. Hint: Consider u2 − u1 and use Problem 37. [Also
see Chapter 13, discussion following equation (2.17).]

39. Use the following sequence of mappings to find the steady state temperature T (x, y)
in the semi-infinite strip y ≥ 0, 0 ≤ x ≤ π if T (x, 0) = 100◦, T (0, y) = T (π, y) = 0,
and T (x, y) → 0 as y → ∞. (See Chapter 13, Section 2 and Problem 2.6.)

(a) Use w = (z′ − 1)/(z′ + 1) to map the half plane v ≥ 0 on the upper half plane
y′ > 0, with the positive u axis corresponding to the two rays x′ > 1 and
x′ < −1, and the negative u axis corresponding to the interval −1 ≤ x ≤ 1 of
the x′ axis.

(b) Use z′ = − cos z to map the half-strip 0 < x < π, y > 0 on the z′ half plane
described in (a). The interval −1 ≤ x′ < 1, y′ = 0 corresponds to the base
0 < x < π, y = 0 of the strip.

Comments: The temperature problem in the (u, v) plane is like the problems shown
in the z plane of Figures 10.1 and 10.2, and so is given by T = (100/π) arc tan(v/u).
In the z plane you will find

T (x, y) =
100

π
arc tan

2 sin x sinh y

sinh2 y − sin2 x
.

Put tanα =
sin x

sinh y
and use the formula for tan 2α to get

T (x, y) =
200

π
arc tan

sin x

sinh y
.

Note that this is the same answer as in Chapter 13, Problem 2.6, if we replace 10
by π.

40. Use L13 of the Laplace transform table to find the Laplace transform of sin at sinh at.
Verify your result by finding its inverse transform using the Bromwich integral.

41. Evaluate by contour integration

Z ∞

0

cos2(απ/2)

(1 − α2)2
dα.

Hint: cos2(απ/2) = (1 + cos απ)/2. Evaluate

I
1 + eiπz

(z − 1)2(z + 1)2
dz

around the upper half plane; note that the poles are actually simple poles (see
Section 7, Example 4).
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