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10.7 χ2-Goodness-of-Fit Test

Test construction.
The χ2-goodness-of-fit test is one of the most popular tests for testing the goodness
of fit of the observed data to a distribution. The construction principle is very general
and can be used for variables of any scale. The test statistic is derived such that the
observed absolute frequencies are compared with the expected absolute frequencies
under the null hypothesis H0.

Example 10.7.1 Consider an experiment where a die is rolled n = 60 times. Under
the null hypothesis H0, we assume that the die is fair, i.e. pi = 1

6 , i = 1, 2, . . . , 6,
where pi = P(X = i). We could have also said that H0 is the hypothesis that the
rolls are following a discrete uniform distribution. Thus, the expected absolute fre-
quencies under H0 are npi = 60 · 1

6 = 10, while the observed frequencies in the
sample are Ni , i = 1, 2, . . . , 6. The Ni generally deviate from npi . The χ2-statistic
is based on the squared differences,

∑6
i=1(Ni − npi )2, and becomes large as the

differences between the observed and the expected frequencies become larger. The
χ2-test statistic is a modification of this sum by scaling each squared difference by
the expected frequencies, npi , and is explained below.

With a nominal variable, we can proceed as in Example 10.7.1. If the scale of the
variable is ordinal or continuous, the number of different values can be large. Note
that in the most extreme case, we can have as many different values as observations
(n), leading to Ni = 1 for all i = 1, 2, . . . , n. Then, it is necessary to group the data
into k intervals before applying the χ2-test. The reason is that the general theory of
the χ2-test assumes that the number k (which was 6 in Example 10.7.1 above) is
fixed and does not grow with the number of observations n; that is, the theory says
that the χ2-test only works properly if k is fixed and n is large. For this reason, we
group the sample X = (X1, X2, . . . , Xn) into k classes as shown in Sect. 2.1.

Class 1 2 · · · k Total
Number of observations n1 n2 · · · nk n

The choice of the class intervals is somewhat arbitrary. As a rule of thumb npi > 5
should hold for most class intervals. The general hypotheses can be formulated in
the form of distribution functions:

H0 : F(x) = F0(x) versus H1 : F(x) �= F0(x).

Test statistic.
The test statistic is defined as

T (X) = t (x) = χ2 =
k∑

i=1

(Ni − npi )2

npi
. (10.17)
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Here,

• Ni (i = 1, 2, . . . , k) are the absolute frequencies of observations of the sample X
in class i , Ni is a random variable with realization ni in the observed sample;

• pi (i = 1, 2, . . . , k) are calculated from the distribution under H0, F0(x), and are
the (hypothetical) probabilities that an observation of X falls in class i ;

• npi are the expected absolute frequencies in class i under H0.

Test decision.
For a significance level α, H0 is rejected if t (x) is greater than the (1 − α)-quantile
of the χ2-distribution with k − 1 − r degrees of freedom, i.e. if

t (x) = χ2 > ck−1−r,1−α.

Note that r is the number of parameters of F0(x), if these parameters are estimated
from the sample. The χ2-test statistic is only asymptotically χ2-distributed under
H0.

Example 10.7.2 Let F0(x) be the distribution function of the test distribution. If
one specifies a normal distribution such as F0(x) = N (3, 10), or a discrete uniform
distribution with pi = 0.25 (i = 1, 2, 3, 4), then r = 0, since no parameters have
to be estimated from the data. Otherwise, if we simply want to test whether the
data is generated from a normal distribution N (μ,σ2) or the data follows a normal
distribution N (μ,σ2), then μ and σ2 may be estimated from the sample by x̄ and s2.
Then, r = 2 and the number of degrees of freedom is reduced.

Example 10.7.3 Gregor Mendel (1822–1884) conducted crossing experiments with
pea plants of different shape and colour. Let us look at the outcome of a pea crossing
experiment with the following results:

Crossing result Round Round Edged Edged
Yellow Green Yellow Green

Observations 315 108 101 32

Mendel had the hypothesis that the four different types occur in proportions of
9:3:3:1, that is

p1 = 9

16
, p2 = 3

16
, p3 = 3

16
, p4 = 1

16
.

The hypotheses are

H0 : P(X = i) = pi versus H1 : P(X = i) �= pi , i = 1, 2, 3, 4.

With n = 556 observations, the test statistic can be calculated from the following
observed and expected frequencies:
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i Ni pi npi

1 315 9
16 312.75

2 108 3
16 104.25

3 101 3
16 104.25

4 32 1
16 34.75

The χ2-test statistic is calculated as

t (x) = χ2 = (315 − 312.75)2

312.75
+ · · · + (32 − 34.75)2

34.75
= 0.47.

Since χ2 = 0.47 < 7.815 = χ2
0.95,3 = c0.95,3, the null hypothesis is not rejected.

Statistically, there is no evidence thatMendelwaswrongwith his 9:3:3:1 assumption.
In R, the test can be conducted by applying the chisq.test command:

chisq.test(c(315, 108, 101, 32),
p=c(9/16,3/16,3/16,1/16))
qchisq(df=3, p=0.95)

which leads to the following output

Chi-squared test for given probabilities

data: c(315, 108, 101, 32)

X-squared = 0.47, df = 3, p-value = 0.9254

and the critical value is

[1] 7.814728

Remark 10.7.1 In this example, the data was already summarized in a frequency
table. For raw data, the table command can be used to preprocess the data, i.e. we
can use chisq.test(table(var1,var2)).

Another popular goodness-of-fit test is the test of Kolmogorov–Smirnov. There
are two different versions of this test, one for the one-sample scenario and one for the
two-sample scenario. The null hypothesis for the latter is that the two independent
samples come from the same distribution. In R, the command ks.test() can be
used to perform Kolmogorov–Smirnov tests.
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